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Lee (2003) develops a
√

n-consistent estimator of the parametric compo-
nent of a partially linear quantile regression model, which is used to obtain
his one-step semiparametric efficient estimator. As a result, how well the ef-
ficient estimator performs depends on the quality of the initial

√
n-consistent

estimator. In this paper, we aim to improve the small sample performance of
the one-step efficient estimator by proposing a new

√
n-consistent initial esti-

mator, which does not require any trimming procedure and is less sensitive to
data outliers and the choice of bandwidth than Lee’s (2003) initial consistent
estimator. Monte Carlo simulation results confirm that the proposed estima-
tor and the one-step efficient estimator derived from it have more desirable
empirical features than Lee’s estimators. c© 2005 Peking University Press
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1. INTRODUCTION

Conditional mean regression models can be used to study the average re-
sponses of a dependent variable to changes in explanatory variables. How-
ever, when residual heteroscedasticity arises, conditional quantile curves at
different probability masses have different shapes which lead to different
implications. As a result, looking at the average responses exclusively will
ignore idiosyncratic features of data and may give improper inferences in
empirical problems where we are interested in exploring responses other
the average one. Much of contribution in estimation of quantile regression
models is motivated by the seminal work of Koenker and Bassett (1978,
1982), Newey and Powell (1990), and Powell (1984). Buchinsky (1994)
and a special issue of Empirical Economics (2001, vol. 26) provide good
empirical applications in the framework of parametric regression models.
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For pure nonparametric estimation of conditional quantile curves, related
work includes the kernel and k-nearest neighbor estimators of Bhattacharya
and Gangopadtyay (1990), spline smoothing estimator of Koenker, Ng, and
Portnoy (1994), weighted Nadaraya-Watson estimator of Hall, Wolff, and
Yao (1999) and Cai (2002), the local linear regression approach of Fan, Hu,
and Truong (1994), the double kernel method of Yu and Jones (1998), and
others. Extension to semiparametric quantile regression models includes
the quantile index model of Khan (2001), the partially linear quantile re-
gression model of He and Shi (1996) and Lee (2003), the censored regression
model of Chen and Khan (2001).

In this paper, we are interested in estimating the partially linear quantile
regression model. Lee (2003) introduces a

√
n-consistent average quantile

regression (AQR) estimator and a one-step semiparametric efficient esti-
mator. How well the one-step semiparametric efficient estimator performs
empirically depends on the quality of the initial

√
n-consistent estimator.

It is well-known that sample mean is more sensitive to outliers than me-
dian estimator, especially when the sample size is small. Therefore, we
suspect that Lee’s (2003) AQR estimator may not be a good candidate in
such cases and naturally the performance of his one-step efficient estimator
may be negatively influenced. Actually, this conjecture is confirmed by our
Monte Carlo experiments in Section 3. Motivated by this, we propose a new
initial

√
n-consistent estimator—quantile-based quantile regression (QQR)

estimator, which requires no trimming procedure and is less sensitive to
data outliers and the choice of bandwidth than AQR estimator for small
samples; thus the one-step efficient estimator derived from it enjoys more
desirable stability and accuracy than that derived from AQR estimator.

The rest of the paper is organized as follows. Section 2 describes es-
timation methodology of the proposed estimator. Both consistency and
asymptotic normality results are derived. Monte Carlo simulations are
conducted to evaluate the small sample performance of the proposed es-
timator and Lee’s estimators in Section 3. Section 4 concludes. All the
proofs are left to the Appendix.

2. ESTIMATION METHODOLOGY

Assume that we have a partially linear quantile regression model defined
at α ∈ (0, 1) as follows

Yi = X ′
iβα,0 + θα (Zi) + Vi, Eα (Vi|Xi, Zi) = 0, (1)

where Xi ∈ Rk, β0 is a k × 1 vector to be estimated and Zi ∈ Rd, the
functional form of θα (·) is unknown, i = 1, · · · , n. Eα (V |x, z) , the αth-
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quantile of V conditional on (X, Z) = (x, z) , is defined as

Eα (V |x, z) = inf {v : Pr (V ≤ v|X = x,Z = z) ≥ α} . (2)

We assume that Z does not contain any elements of X, or essentially, we
assume that knowing Z = z can not be used to calculate the exact value
of x. For the sake of identification, we also assume that X and Z do not
contain 1, and any constant number will be absorbed into θα (·) .

Let τi =
(
τ1′

i , · · · , τp′

i

)′
contain all partial derivatives of θα (z) at point

zi = (zi1, · · · , zid)
′ up to order p, with, in particular τ1

i = 5z′θα (zi) .
In total, there are mr distinct rth order partial derivatives so that τi is
an m =

∑p
r=1 mr by 1 vector. For any ‖Zj − zi‖ = o (1) , taking Taylor

expansion of θα (zj) at zi yields

θα (Zj) = θα (zi) + τ ′iwij + o (‖Zj − zi‖p) , (3)

where wij =
(
w1′

ij , · · · , wp′

ij

)′
contains the corresponding Taylor coefficients

with wr
ij being mr × 1 vector, in particular, w1

ij = Zj − zi. This suggests
estimating θα (Zj) by a local pth-order polynomial regression approach,
which extends the local linear regression approach of Fan, Hu, and Truong
(1994) to the multivariate case. In particular, a local constant regression
approach is applied when p = 0; a local linear regression approach is applied
when p = 1; and a local quadratic regression approach is applied when
p = 2.

Under the framework of the partially linear quantile regression model, a
two-step semiparametric estimator is developed and called quantile-based
quantile regression (QQR) estimator. In the first step, the unknown func-
tion θα (z) is recovered from data by nonparametric smoothing method at
each data point. That is, the optimization problem solved at each point i
is as follows

min
ai0,ai1,βα

n∑
j=1

ρα

(
Yj −X ′

jβα − ai0 − a′i1wij

)
Ki

(
H−1 (Zj − zi)

)
, (4)

where ai1 is an m × 1 vector, H = diag (h1, h2, · · · , hd) is a smoothing
parameter matrix, K

(
H−1u

)
=
∏d

j=1 k
(

uj

hj

)
for any u ∈ Rd; ρα (u) =

u (α− I (u ≤ 0)) is called the check function. The leave-one-out technique
is used here with Ki

(
H−1 (Zj − zi)

)
= 0 for j = i. Let

(
ãi0, ãi1, β̃α,i

)
be

the solution of (4) at the ith point. In the Appendix, we show that for
any i = 1, 2, · · · , n, β̃α,i

p→ βα,0 at nonparametric rate, and θ̃α (zi) = ãi0
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is the consistent estimator of θα (zi) . This step aims to obtain a consistent
estimator of θ (z).

In the second step, a
√

n-consistent estimator of βα,0 will be derived by
solving the following minimization problem

β̂α,QQR = arg min
βα∈Θ

n∑
i=1

ρα

(
Yi −X ′

iβα − θ̃α (Zi)
)

, (5)

where
{

θ̃α (Zi)
}n

i=1
are calculated from the first step. In the Appendix, we

show that β̂α,QQR − βα,0 = Op

(
n−1/2

)
.

Finally, {θα (zi)}n
i=1 can be estimated by the local linear regression ap-

proach

min
bi

n∑
j=1

ρα

(
Yj −X ′

j β̂α,QQR − bi0 − b′i1 (Zj − zi)
)

Ki

(
H−1 (Zj − zi)

)
,

(6)
where bi = (bi0,b

′
i1)

′ is a (d + 1)× 1 vector, and

θ̂α (zi) = Êα

(
Yi −X ′

iβ̂α,QQR|Zi = zi

)
= b̂i0, i = 1, · · · , n.

For any matrix A, let ‖A‖ denote its Euclidean norm, i.e. ‖A‖ =
[tr (AA′)]1/2

, and let |A| denote its determinant if A is a square matrix.
Let Sl (Z) be a functional space such that g ∈ Sl (Z) if g : Z → R, and
g (·) has the order of smoothness l, and its [l]th partial derivatives satisfies
the Lipschitz condition∥∥∥D[l]g (z1)−D[l]g (z2)

∥∥∥ ≤ M ‖z1 − z2‖γ
, for any z1, z2 ∈ Z, (7)

where Z is a convex set of Rd, l = [l]+γ with [l] being a nonnegative integer
and 0 < γ < 1, and Dsg (z) = ∂sg (z) /∂z

s1
1 · · · ∂zsd

d with s =
∑d

i=1 si and
{si}d

i=1 being nonnegative integer between 0 and [l].
Some regular assumptions required by the main theorems are listed be-

low.

Assumption 1. {(Yi, Xi, Zi)}n
i=1 is an i.i.d. random sequence from a

joint probability distribution F (y, x, z) on R×Rk ×Rd. Both Y |X, Z and
Z are continuously distributed.

Assumption 2. Let fv (v|x, z) be the conditional p.d.f of V given (X, Z) =
(x, z) , and let Fv (v|x, z) be its corresponding conditional c.d.f.. fv (0|x, z) >
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0, and Fv (0|x, z) = α for all x and z. Let f (z|x) be the conditional prob-
ability function of z given X = x. fv (v|x, z) , f (z|x) , and their first-
and second-order partial derivatives are continuous and uniformly bounded
(almost surely).

Assumption 3. θα (z) ∈ Sp+1 (Z) and Pr {‖Dsθα (z)‖ ≤ M} = 1 (a.s.)
for all 0 ≤ s ≤ p + 1 or θα (z) ∈ Sp+γ (Z) for some γ ∈ (0, 1) .

Assumption 4. The product kernel is K (u) =
∏d

j=1 k (uj) for any u ∈
Rd, where k (·) > 0 is a symmetric function taking values on a bounded
support [−1, 1] and

∫ 1

−1

k (u1) du1 = 1,

∫ 1

−1

K2 (u) du = R (K) < ∞. (8)

Let ω =
(
ω1′ , · · · , ωp′

)′
be an m × d nonnegative integer matrix cor-

responding to the polynomial order of (Zj1 − zi1, · · · , Zjd − zid) in wij . In
particular, ωr is mr × d matrix with

∑d
i=1 ωr

ij = r for r = 1, 2, · · · , p, and

j = 1, 2, · · · ,mr. Correspondingly, denote λ (K) =
(
λ (K)1 , · · · , λ (K)p

)
to be an m× 1 vector with λ (K)r being mr × 1 vector, and

µ (K) =

 µ (K)11 · · · µ (K)1p

...
. . .

...
µ (K)p1 · · · µ (K)pp


to be an m×m symmetric matrix with µ (K)rt being mr×mt matrix, where

λ (K)r
j =

∫ 1

−1

K (u)
d∏

i=1

u
ωr

ij

i du, (9)

µ (K)rt
ll′ =

∫ 1

−1

K (u)
d∏

i=1

u
ωr

il+ωt
il′

i du, (10)

where t, r = 1, 2, · · · , p; j = 1, 2, · · · ,mr; l = 1, 2, · · · ,mr; l′ = 1, 2, · · · ,mt.
Obviously, µ (K) and λ (K) are both finite. λ (K)r

j = 0 if some ωr
ij is odd

and µ (K)rt
ll′ = 0 if some ωr

il + ωt
il′ is odd.



110 YIGUO SUN

Finally, for any z ∈ Z ⊂ Rd, define

S (z) = E

fv (0|X, Z) f (Z|X)

 1 λ (K)′ X ′

λ (K) µ (K) λ (K) X ′

X Xλ (K)′ XX ′

∣∣∣∣∣∣Z = z

 .

(11)

Assumption 5. 0 < var (V ) < ∞, E
(
‖X‖4

)
< ∞. E [XX ′fv (0|X, Z)]

is nonsingular and finite matrix, and S (z) is nonsingular and finite (m + k + 1)
× (m + k + 1) matrix at each point z ∈ Z ⊂ Rd.

Assumption 6. ‖H‖ → 0, nv |H| → ∞, and
√

n ‖H‖p+1 → 0 as n →
∞, where p + 1 > d

2v and 0 < v < 1
2 −

1
2+δ with E

(
‖X‖2+δ

)
< ∞ for

δ > 0.

The proposed estimator can be extended to the case that Z contains
discrete variables as well as continuously distributed variables. In Assump-
tion 4, the kernel function k (·) having bounded support is not essential
and it is assumed merely to simplify the assumptions and proofs. The
main theorems of this paper are as follows and the proofs are left to the
Appendix.

Theorem 1. Suppose that Assumptions 1 - 5 hold. Then at each point
i, if ‖H‖ → 0, n |H| → ∞,

√
n |H| ‖H‖p+1 = O (1) , we have

β̃α,i = βα,0 + Op

(
n−1/2 |H|−1/2

)
, (12)

θ̃α (zi) = θα (zi) + Op

(
n−1/2 |H|−1/2

)
, (13)

∂r θ̃α (zi)

∂z
ωr

ij

1 · · · ∂z
ωr

dj

d

=
∂rθα (zi)

∂z
ωr

ij

1 · · · ∂z
ωr

dj

d

+ Op

(
n−1/2

d∏
i=1

h
− 1

2−ωr
ij

i

)
, (14)

for any j = 1, 2, · · · ,mr; r = 1, 2, · · · , p.

Remark 2.1. Theorem 1 indicates that the optimal bandwidth H is
applicable. If the local pth−order polynomial regression method is applied
here, the optimal bandwidth is hi˜n−

1
2(p+1)+d , i = 1, 2, · · · , d.
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Theorem 2. Under Assumptions 1-6, we have

√
n
(
β̂α,QQR − βα,0

)
d→ N (0,Ω0) , (15)

where Ω0 = C−1DC−1 with C = E [XX ′fv (0|X, Z)] and

D = α (1− α) E

{[
X1 − E

(
X̃2|X1, Z1

)] [
X1 − E

(
X̃2|X1, Z1

)]′}
,

X̃2 = X2fv (0|Z1, X2) f (Z1|X2) e′1S
−1 (Z1)

(
1 λ (K)′ X ′

1

)′
.

Remark 2.2. Theorem 2 requires that hi ∼ n−α with 1
2(p+1) < α < v

d

for i = 1, 2, · · · , n. It implies that p + 1 > d
2v . It implies that the optimal

bandwidth hi ∼ n−
1

2(p+1)+d does not satisfy this condition. Essentially,
this theorem requires undersmoothing in the first step estimation of the
unknown function θα (z) . This undersmoothing condition

√
n ‖H‖p+1 → 0

as n →∞, is required to remove the bias term when θα (z) is replaced by
θ̃α (z) in the second step.

One can obtain a consistent estimator of Ω0 by replacing the components
of Ω0 with its empirical counterparts. Thus a consistent estimator can be
calculated as follows

Ω̂ = Ĉ−1D̂Ĉ−1

Ĉ =
1
n

n∑
i=1

XiX
′
i f̂v (0|Xi, Zi)

D̂ =
α (1− α)

n

n∑
i=1

[
X1i − Ê

(
X̃2i|X1i, Z1i

)] [
X1i − Ê

(
X̃2i|X1i, Z1i

)]′
,

where Ê
(
X̃2i|X1i, Z1i

)
has to be estimated by the sample splitting method.

However, we will not continue this line of discussion since the above pro-
posed estimator is mainly introduced as an initial

√
n-consistent estimator

for the one-step semiparametric efficient estimator defined below. The ad-
vantage or contribution of this paper is that the QQR estimator does not
require any trimming procedure and is less sensitive to data outliers and the
bandwidth choice of the above first step nonparametric estimation. Such
stable property of the QQR estimator is expected to be passed on to the
one-step efficient estimator derived from it.

2.1. Semiparametric efficient estimator
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The estimator derived above is not semiparametric efficient in the sense
of Newey (1990, 1994). Lee (2003) shows that the semiparametric efficient
bound is

VB = α (1− α)
{
E
[
f2

v (0|X, Z) XX ′]
−E

[
E
[
f2

v (0|X, Z)X|Z
]
E
[
f2

v (0|X, Z)X ′|Z
]

E [f2
v (0|X, Z) |Z]

]}−1

(16)

provided that E [SαS′α] is nonsingular, where Sα is the efficient score for
βα

Sα (Y, X,Z, θa, βα) =
fv (0|X, Z)
α (1− α)

[α− I (Y − θa (Z)−X ′βα ≤ 0)] [X − T (Z)] ,

(17)
and

T (Z) =
E
[
f2

v (0|X, Z) X|Z
]

E [f2
v (0|X, Z) |Z]

.

To obtain a semiparametric efficient estimator, Lee (2003) proposes a
two-step estimator. In the first step, a

√
n−consistent estimator, AQR

estimator, is calculated as follows

β̂α,AQR =
∑n

i=1 τz (Zi) β̃α,i∑n
i=1 τz (Zi)

(18)

where τz (z) = I (z ∈ Z) is a trimming function over a compact subset Z ∈
Rd. This trimming procedure is applied to remove the negative tail effects
of Z. In the second step, a one-step semiparametric efficient estimator is
constructed as follows

β̂∗α,AQR = β̂α,AQR+

[
n∑

i=1

∂Ŝα

(
β̂α,AQR

)/
∂βα

]−1 n∑
i=1

Ŝα

(
β̂α,AQR

)
, (19)

where

Ŝα (βα) =
f̂v (0|X, Z)
α (1− α)

[
α− 1 + J

(
Y − θ̂a (Z)−X ′β̂α

jn

)][
X − T̂ (Z)

]
(20)

is the smoothed estimator of Sα (β) in (17) and f̂v (0|X, Z) and T̂ (Z) are
the kernel estimates of fv (0|X, Z) and T (Z) , respectively; and

J (x) =

 0 if v < −1
0.5 + 15

16

(
x− 2

3x3 + 1
5x5
)

if |v| ≤ 1
1 if v > 1

. (21)
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It is reasonable to expect that the performance of the second step efficient
estimator depends on the quality of the first step estimator, β̂α,AQR, an es-

timator constructed from empirical averages of
{

β̃α,i

}
. It is well-known

that sample averages are more sensitive to data outliers than sample medi-
ans. This argument can be paralleled to our case. The trimming function
τz (z) in (18) can remove some side effects of extreme estimates β̃α,i at some
points; however, there is no theoretical guidances in choosing the trimming
function. Therefore, we construct the one-step efficient estimator, β̂∗α,QQR,

by using β̂α,QQR as the initial consistent estimator in (19).
The asymptotic results of β̂∗α,QQR will be the same as in Theorem 5 of

Lee’s (2003); however, the proofs are omitted to make the paper dense and
we refer readers to Lee (2003) for assumptions required and proofs.

3. MONTE CARLO SIMULATIONS

The data is generated by the following model

yi = Xiβ0 + g (Zi) + σ0 (Xi, Zi) (ui − Ep (ui)) , (22)

where ui˜iidN (0, 1) and Ep (ui) is the pth-quantile of ui, i = 1, 2, · · · , n.
{(Xi, Zi)}n

i=1 is an i.i.d. random sequence from a joint normal distribution
with zero mean, unit variance, and a correlation of 0.5. We use the same
data generating designs as Lee (2003). Let DGP (i0, j0) be the true data
generating mechanism with

σ0 (x, z) =
{

1
3 if i0 = 1,
C exp (0.25 (x + z)) if i0 = 2, (23)

where C is a constant used to normalize the mean of σ0 (x, z) to be 1
3 , and

g (z) =


1 + z if j0 = 1,

z + 4exp(−2z2)/
√

2π if j0 = 2,
sin (πz) if j0 = 3.

(24)

Clearly, the value of i0 describes whether disturbance heteroskedasticity
exists and j0 is used to define the function form of g (·).

The quantiles of interest are α = 0.15, 0.25, 0.50, 0.75,and 0.85. The sam-
ple size is n = 100. The number of Monte Carlo replications is m = 1000.
The Epanechnikov kernel function is used here k (u) = 3

4

(
1− u2

)
I (|u| ≤ 1) .

In the first step estimation, we choose p = 2 and the bandwidth h =
cn−2/9σ̂z, where σ̂z is the sample standard deviation of Z. In order to mea-
sure sensitivity of the proposed estimator to the choices of bandwidth, we
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divide the interval [0.5, 5.0] with equal increment 0.15 and let c be any grid
value. The algorithm of Koenker and d’Orey (1987) is used to solve the
optimization problems (4) and (5).

For each set of Monte Carlo experiments, we then calculate the squared
root of mean squared errors and mean absolute bias of each estimator

RMSEα =

√√√√ 1
m

m∑
j=1

(
β̂α,j − βα,0

)2

;ABIASα =
1
m

m∑
j=1

∣∣∣β̂α,j − βα,0

∣∣∣ ,
where β̂α will be β̂α,QQR, β̂α,AQR, β̂∗α,QQR, and β̂∗α,AQR. Tables 1 and 2
present the minimum, median and standard deviations of those RMSEα

and ABIASα. τ (z) = I [Q0.01 (z) ≤ z ≤ Q0.99 (z)] and τ(x, z) = I[Q0.01(z) ≤
z ≤ Q0.99(z), Q0.01(x) ≤ x ≤ Q0.99(x)], where Qp (z) and Qp (x) are the
empirical quantiles of z and x at probability mass p ∈ (0, 1), respectively.

In Table 1, when i0 = 1 (homoscedastic case), β̂α,AQR attains the semi-
parametric efficient bounds since var (Z|X) = 0.5 is a constant number.
In this case, we find that β̂α,AQR has the smallest minimum RMSE values
but standard deviations are large and that β̂∗α,QQR has the smallest median
values and standard deviations. The standard deviations of RMSEs from
β̂∗α,AQR are very wild and ignored here.

The parameter jn in Eq. (20) is set to 0.5. Our experiences agree
with Lee’s comment on the choice of jn → 0 as n → ∞—jn can not be
too small to regulate the behavior of β̂∗α,AQR, which is of less concern to
β̂∗α,QQR. The reason behind this is that small jn tends to give zero values

to
∑n

i=1 ∂Ŝα

(
β̂α,AQR

)/
∂βα, which actually occurs β̂α,AQR is far away

from the true value as a result of inappropriate choice of the bandwidth h.
Or the ill performance of β̂α,QQR then β̂∗α,QQR lies in its sensitivity to the
choice of bandwidth h in the first step nonparametric estimation of β̂α,AQR.

In addition, although β̂α,AQR and β̂∗α,AQR are both efficient theoretically
in the presence of homoscedastic residuals, due to the requirement of extra
nonparametric estimations the one-step efficient estimators β̂∗α,QQR and
β̂∗α,AQR underperforms β̂α,AQR in terms of minimum RMSE values.

When i0 = 1, i.e. heteroskedastic case, both β̂∗α,AQR and β̂∗α,QQR outper-
form their respective initial estimators β̂α,AQR and β̂α,QQR and have similar
minimum RMSE values; however, β̂∗α,QQR provides the most promising re-
sults in terms of stability across different bandwidth choices. Therefore,
in light of RMSEs, β̂∗α,QQR may be recommended to empirical econometri-
cians because of its stability with respect to the choice of h in the first step
estimation and the smallest mean squared errors.
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TABLE 1.

Summary statistics of squared root of mean squared errors

DGP Prob. QQR AQR QQR* AQR*

(i0, j0) Min. Median Stdev. Min. Median Stdev. Min. Median Stdev. Min. Median

0.15 0.065 0.070 0.008 0.060 0.078 0.801 0.066 0.069 0.007 0.065 0.073

0.25 0.058 0.062 0.009 0.053 0.074 1.054 0.058 0.060 0.007 0.057 0.083

(1,1) 0.5 0.052 0.054 0.005 0.049 0.050 0.794 0.052 0.053 0.003 0.052 0.052

0.75 0.056 0.060 0.007 0.052 0.060 0.791 0.057 0.058 0.005 0.056 0.059

0.85 0.064 0.067 0.006 0.057 0.062 3.012 0.065 0.067 0.005 0.063 0.065

0.15 0.065 0.070 0.009 0.060 0.077 0.802 0.066 0.069 0.007 0.065 0.073

0.25 0.058 0.061 0.009 0.052 0.073 1.054 0.058 0.060 0.007 0.057 0.085

(1,2) 0.5 0.053 0.055 0.005 0.048 0.056 0.794 0.052 0.054 0.003 0.052 0.055

0.75 0.059 0.061 0.006 0.052 0.060 0.792 0.058 0.060 0.005 0.057 0.059

0.85 0.066 0.069 0.005 0.056 0.063 3.013 0.066 0.068 0.004 0.064 0.069

0.15 0.067 0.073 0.005 0.059 0.077 0.802 0.068 0.072 0.005 0.065 0.073

0.25 0.060 0.064 0.006 0.053 0.074 1.055 0.058 0.062 0.006 0.057 0.083

(1,3) 0.5 0.055 0.063 0.015 0.050 0.070 0.792 0.054 0.057 0.006 0.053 0.068

0.75 0.061 0.067 0.008 0.053 0.067 0.791 0.059 0.063 0.005 0.058 0.070

0.85 0.068 0.074 0.007 0.059 0.072 3.023 0.067 0.072 0.007 0.065 0.078

0.15 0.058 0.066 0.017 0.058 0.089 0.381 0.054 0.059 0.011 0.054 0.078

0.25 0.050 0.056 0.014 0.051 0.085 0.507 0.048 0.051 0.009 0.049 0.071

(2,1) 0.5 0.044 0.046 0.005 0.046 0.049 0.375 0.044 0.045 0.003 0.045 0.045

0.75 0.048 0.051 0.006 0.050 0.065 0.374 0.047 0.049 0.005 0.048 0.052

0.85 0.056 0.058 0.006 0.056 0.070 4.984 0.052 0.054 0.006 0.053 0.056

0.15 0.061 0.065 0.017 0.060 0.089 0.381 0.056 0.059 0.011 0.056 0.077

0.25 0.052 0.056 0.014 0.053 0.085 0.508 0.050 0.052 0.009 0.050 0.070

(2,2) 0.5 0.045 0.048 0.005 0.048 0.056 0.374 0.045 0.046 0.003 0.045 0.049

0.75 0.050 0.052 0.005 0.052 0.064 0.374 0.048 0.050 0.004 0.049 0.052

0.85 0.058 0.062 0.005 0.058 0.069 4.984 0.054 0.056 0.005 0.054 0.058

0.15 0.063 0.069 0.010 0.063 0.091 0.381 0.058 0.064 0.008 0.058 0.075

0.25 0.053 0.059 0.008 0.055 0.087 0.508 0.051 0.054 0.007 0.051 0.071

(2,3) 0.5 0.047 0.058 0.018 0.051 0.076 0.373 0.046 0.051 0.008 0.047 0.063

0.75 0.055 0.063 0.013 0.055 0.073 0.373 0.050 0.055 0.006 0.051 0.060

0.85 0.066 0.076 0.013 0.063 0.078 4.994 0.058 0.064 0.008 0.056 0.071
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TABLE 2.

Summary statistics of mean absolute biases

DGP Prob. QQR AQR QQR* AQR*

(i0, j0) Min. Median Stdev. Min. Median Stdev. Min. Median Stdev. Min. Median

0.15 0.051 0.055 0.006 0.047 0.050 0.037 0.052 0.054 0.005 0.050 0.055

0.25 0.046 0.048 0.007 0.042 0.046 0.044 0.045 0.047 0.005 0.045 0.050

(1,1) 0.5 0.042 0.043 0.004 0.039 0.040 0.031 0.041 0.042 0.003 0.041 0.042

0.75 0.045 0.047 0.005 0.042 0.044 0.033 0.045 0.046 0.004 0.045 0.046

0.85 0.051 0.053 0.005 0.046 0.047 0.102 0.052 0.053 0.004 0.050 0.051

0.15 0.051 0.055 0.007 0.048 0.050 0.036 0.051 0.053 0.006 0.050 0.055

0.25 0.046 0.048 0.007 0.042 0.046 0.044 0.045 0.047 0.006 0.045 0.050

(1,2) 0.5 0.043 0.044 0.004 0.038 0.042 0.031 0.042 0.043 0.002 0.041 0.043

0.75 0.047 0.048 0.005 0.041 0.044 0.033 0.046 0.047 0.004 0.045 0.047

0.85 0.052 0.055 0.004 0.044 0.048 0.102 0.052 0.054 0.003 0.051 0.052

0.15 0.053 0.057 0.004 0.046 0.050 0.037 0.053 0.056 0.004 0.051 0.056

0.25 0.047 0.051 0.005 0.041 0.045 0.044 0.046 0.049 0.005 0.045 0.050

(1,3) 0.5 0.044 0.050 0.012 0.040 0.047 0.030 0.043 0.046 0.004 0.042 0.049

0.75 0.048 0.053 0.006 0.042 0.047 0.032 0.047 0.050 0.004 0.046 0.050

0.85 0.053 0.058 0.006 0.046 0.052 0.102 0.053 0.057 0.006 0.051 0.055

0.15 0.046 0.051 0.015 0.045 0.054 0.033 0.043 0.046 0.009 0.042 0.052

0.25 0.039 0.044 0.011 0.041 0.052 0.036 0.038 0.041 0.007 0.038 0.046

(2,1) 0.5 0.035 0.037 0.004 0.036 0.039 0.023 0.035 0.035 0.002 0.035 0.036

0.75 0.037 0.040 0.004 0.040 0.045 0.026 0.037 0.038 0.004 0.038 0.041

0.85 0.044 0.046 0.004 0.045 0.049 0.166 0.041 0.042 0.004 0.041 0.043

0.15 0.048 0.051 0.014 0.048 0.054 0.032 0.044 0.046 0.009 0.043 0.052

0.25 0.041 0.044 0.011 0.042 0.052 0.036 0.039 0.041 0.007 0.039 0.046

(2,2) 0.5 0.036 0.038 0.004 0.038 0.042 0.022 0.036 0.037 0.002 0.036 0.039

0.75 0.039 0.041 0.004 0.041 0.045 0.026 0.038 0.039 0.003 0.039 0.041

0.85 0.045 0.049 0.004 0.045 0.050 0.166 0.042 0.044 0.004 0.042 0.045

0.15 0.049 0.055 0.009 0.049 0.055 0.030 0.046 0.050 0.006 0.046 0.055

0.25 0.042 0.046 0.007 0.044 0.051 0.035 0.040 0.043 0.005 0.040 0.047

(2,3) 0.5 0.037 0.046 0.014 0.041 0.050 0.020 0.037 0.040 0.006 0.037 0.046

0.75 0.043 0.049 0.011 0.044 0.051 0.025 0.040 0.044 0.005 0.041 0.046

0.85 0.051 0.060 0.011 0.049 0.056 0.166 0.045 0.050 0.007 0.044 0.051
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In Table 2, when i0 = 0, β̂α,AQR has the smallest minimum and median
mean absolute bias but large variations across different choices of band-
width. When i0 = 1, β̂∗α,QQR has the smallest minimum, median and stan-
dard deviations of mean absolute bias. Therefore, in terms of mean absolute
bias, β̂∗α,QQR is preferred in the presence of disturbance heteroscedasticity
and β̂∗α,AQR is preferred in the presence of disturbance homoscedasticity if
appropriate bandwidth h is used.

Since quantile regression models are of more interest for heteroscedastic
case than for homoscedastic case, where β̂∗α,QQR overperforms the other
three estimators, β̂∗α,QQR will be our selling product to empirical econo-
metricians who are interested in applying the partially quantile regression
models to their data.

4. CONCLUSION

In this paper, we improve the small sample performance of Lee’s (2003)
efficient estimator of the parametric component of the partially linear re-
gression model by proposing a different initial

√
n-consistent estimator from

his AQR estimator. Monte Carlo simulations indicate that the one-step ef-
ficient estimator calculated from our QQR estimator has desirable perfor-
mance in small samples: No subjective trimming parameter to be required
and stabile performances with respect to the choice of bandwidth make our
QQR estimator is more user-friendly.

APPENDIX

Two frequently used formulas in the following proofs are

ρα (x− y)−ρα (x) = y [α− I (x < 0)]+
∫ y

0

[I (x ≤ t)− I (x ≤ 0)] dt (A.1)

for any x 6= 0; and

Pr

{
n∑

i=1

I (i : Vi = 0) = O (1)

}
= 1 (a.s.), (A.2)

where I (i : Vi = 0) = 1 if Vi = 0; 0 otherwise. Equation (A.2) is the result
of the continuity assumption of V |X, Z and the LLN. And in the following
context, we denote E (·|Ii) = E ( ·|Xi, Zi) .

Proof of Theorem 1. Suppose that we are estimating βα and θα (z)
at a particular point (x0, z0, y0) . Corresponding to wij and ω defined in

Section 2, we define q =
(
q1′ , · · · , qp′

)′
where qr

j =
∏d

i=1 h
ωr

ij

i for r =
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1, 2, · · · , p; j = 1, 2, · · · ,mr. For example, q1
ij = (h1, · · · , hd)

′ and q2 =(
h2

1, h1h2, · · · , h2
d

)
. Finally, let Q = diag (q) be an m×m diagonal matrix

and

Y ∗
i = Yi −X ′

iβα,0 − θα (z0)− τ ′0w0i,

Ki = K
(
H−1 (Zi − z0)

)
, and Ki = 0 if Zi = z0,

Wi =
(

1 w′0iQ
−1 X ′

i

)′
,

then δ̃n =
√

n |H|

 ãi0 − θα (z0)
Q (ãi1 − τ0)
β̂α − βα,0

 will minimize

Ĝn (δ) =
n∑

i=1

[ρα (Yi −X ′
iβα − a0 − a′1w0i)− ρα (Y ∗

i )]Ki

=
n∑

i=1

[
ρα

(
Y ∗

i −
W ′

i δ√
n |H|

)
− ρα (Y ∗

i )

]
Ki,

which is convex in δ. The rest of proofs will follow the proofs in Fan, Hu,
and Truong (1994). First, rewrite above equation as

Ĝn (δ) = E
[
Ĝn (δ) |X, Z

]
+

δ′√
n |H|

n∑
i=1

KiWi [ρ′α (Y ∗
i )− E (ρ′α (Y ∗

i ) |Ii)]+Rn (δ) ,

(A.3)
where at any given δ ∈ Θ ⊂ Rm+k+1, we obtain Rn (δ) = op (1) , since
E [Rn (δ)] = 0 and Condition A (iv) in Fan, Hu, and Truong (1994) is
verified as follows

E
{

[ρα (Y ∗
i − t)− ρα (Y ∗

i )− ρ′α (Y ∗
i ) t]2

}
= E

{∫ t

0

[I (Y ∗
i ≤ s)− I (Y ∗

i ≤ 0) ds]
}2

+ o (1)

=
∫ t

0

∫ t

0

E [(I (Y ∗
i < s1)− I (Y ∗

i < 0)) (I (Y ∗
i < s2)− I (Y ∗

i < 0))] ds1ds2

≤
∫ |t|

0

∫ |t|

0

Pr (0 < |Y ∗
i | < |t|) ds1ds2 = o

(
t2
)

as t → 0,

where the second equation follows from (A.1) and (A.2).
Denote

ζi = θα (z0) + τ ′0w0i − θα (Zi) = − 1
(p + 1)!

τ
(p+1)′
0 wp+1

0i , (A.4)
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where τ
(p+1)
0 = τ

(p+1)
0 (zi) and zi lies between z0 and Zi. Because the kernel

function K (·) is zero outside the unit circle, only those points that are close
to z0 will be used, that is, only Zi such that

∥∥H−1 (Zi − z0)
∥∥ ≤ 1 has effect

on the summation. Hence,

|ζi| = O
(
‖H‖p+1

)
uniformly over such i that

∥∥H−1 (Zi − z0)
∥∥ ≤ 1.

(A.5)
Since Y |X, Z is continuously distributed, we have Pr {

∑n
i=1 I (Y ∗

i = 0) = O (1)}
= 1 almost surely. Then applying formula (A.1), we have

E
[
Ĝn (δ) |X, Z

]

=
n∑

i=1

KiE


W ′

i δ√
n |H|

ρ′α (Y ∗
i ) +

W ′
i δ√

n|H|∫
0

[I (Y ∗
i < t)− I (Y ∗

i < 0)] dt

∣∣∣∣∣∣∣∣∣ Ii

+ op (1)

=
n∑

i=1

Ki


W ′

i δ√
n |H|

E [ρ′α (Y ∗
i ) |Ii] +

W ′
i δ√

n|H|∫
0

[Fv (ζi + t|Ii)− Fv (ζi|Ii)] dt

+ op (1)

=
δ′√
n |H|

n∑
i=1

KiWiE [ρ′α (Y ∗
i ) |Ii] +

δ′Snδ

2
+ op (1) , (A.6)

where

∣∣∣∣∣∣∣∣∣
n∑

i=1

Ki

W ′
i δ√

n|H|∫
0

[(
fv

(
ζi|Ii

)
− fv (0|Ii)

)
(ζi + t)− (fv (ηi|Ii)− fv (0|Ii)) ζi

]
dt

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
n∑

i=1

Ki

W ′
i δ√

n|H|∫
0

[(
fv

(
ζi|Ii

)
− fv (ηi|Ii)

)
ζi −

(
fv

(
ζi|Ii

)
− fv (0|Ii)

)
t
]
dt

∣∣∣∣∣∣∣∣∣
≤ M

n∑
i=1

Ki

(
ζ2
i

∣∣∣∣∣ W ′
i δ√

n |H|

∣∣∣∣∣+ |ζi|
δWiW

′
i δ

n |H|

)
= O

(
‖H‖2(p+1)

n1/2−v
)

+ O
(
‖H‖p+1

)
= op (1) , (A.7)
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where ζi lies between ζi + t and 0, and ηi lies between ζi and 0. (A.7)
holds under Assumption 6, since for any given small value ε > 0 and∥∥H−1 (Zi − z0)

∥∥ ≤ 1, I have

Pr
(

max
i

∣∣∣∣δ′Wi√
n

∣∣∣∣ > εn−v

)
≤ n Pr

(∣∣∣∣δ′Wi√
n

∣∣∣∣ > εn−v

)
≤ nM

E (‖Xi‖r)(
n1/2−vε

)r → 0, (A.8)

as n →∞ if E (‖Xi‖r) < ∞ for r > 2 and v < 1
2 −

1
r .

Lemma 1 below shows that Sn = 1
n|H|

∑n
i=1 fv (0|Ii) KiWiW

′
i = S (z0)+

op (1) if ‖H‖ → 0, n |H| → ∞, as n → ∞, where S (z0) is defined in
equation (11). Therefore, for any given δ, I have

Ĝn (δ) = δ′W̃n +
δ′S (z0) δ

2
+ rn (δ) , (A.9)

where rn (δ) = op (1) , and W̃n = 1√
n|H|

∑n
i=1 KiWiρ

′
α (Y ∗

i ) with ρ′α (Y ∗
i ) =

α− I (Y ∗
i < 0) . Then the convexity Lemma of Pollard (1991) yields

sup
δ∈Θ

|rn (δ)| = op (1) . (A.10)

And simple calculations show that

δ̃n = −S (z0)
−1

W̃n + op (1) . (A.11)

Lemma 1 below shows that W̃n = Op (1) if ‖H‖ → 0, n |H| → ∞,
√

n |H| ‖H‖p+1

= O (1) as n →∞. Hence, δ̃n = Op (1) , which completes the proof of this
theorem.

Lemma 1. If ‖H‖ → 0, n |H| → ∞, and
√

n |H| ‖H‖p+1 = O (1) as
n →∞, then

Sn = S (z0) + op (1) , (A.12)

W̃n = Op (1) . (A.13)

Proof. Since

WiW
′
i =

 1 w′0iQ
−1 X ′

i

Q−1w0i Q−1w0iw
′
0iQ

−1 Q−1w0iX
′
i

Xi Xiw
′
0iQ

−1 XiX
′
i

 ,
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then simple calculations yield

E

(
1

n |H|

n∑
i=1

Kifv (0|Xi, Zi)

)
= E [fv (0|X, z0) f (z0|X)] + O

(
‖H‖2

)
,

E

(
1

n |H|

n∑
i=1

Kiw
′
0iQ

−1fv (0|Xi, Zi)

)
= E [fv (0|X, z0) f (z0|X)]λ (K)′ + O

(
‖H‖2

)
,

E

(
1

n |H|

n∑
i=1

KiQ
−1w0iw

′
0iQ

−1fv (0|Xi, Zi)

)
= E [fv (0|X, z0) f (z0|X)]µ (K) + O

(
‖H‖2

)
,

and

var

(
1

n |H|

n∑
i=1

Kifv (0|Xi, Zi)

)
= O

(
1

n |H|

)
,

var

(
1

n |H|

n∑
i=1

Kiw
′
0iQ

−1fv (0|Xi, Zi)

)
= O

(
1

n |H|

)
,

var

(
1

n |H|

n∑
i=1

KiQ
−1w0iw

′
0iQ

−1fv (0|Xi, Zi)

)
= O

(
1

n |H|

)
.

Hence, if E
(
‖Xi‖4

)
< ∞ holds, and ‖H‖ → 0, n |H| → ∞ as n → ∞,

then Sn = S (z0) + op (1).
In addition, we obtain

E
(
W̃n

)
=
√

n |H| ‖H‖p+1

 O (1)
Mλ (K) + O

(
‖H‖2

)
O (1)

 ,

and

var
(
W̃n

)
= E

[
var

(
W̃n|X, Z

)]
+ var

[
E
(
W̃n|X, Z

)]
=
[
α (1− α) + O

(
‖H‖p+1

)]
|H|−1

E
(
K2

i WiW
′
i

)
+ O

(
‖H‖2(p+1)

)
,
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if ‖H‖ → 0, as n →∞, which will complete the proof of this Lemma.

Proof of Theorem 2. Let Ỹ ∗
i = Yi − θ̃α (Zi) − X ′

iβα,0. Then δ̂n =
√

n
(
β̂α − βα,0

)
will minimize

Q̂∗
n (δ)

=
n∑

i=1

[
ρα

(
Yi − θ̃α (Zi)−X ′

iβα

)
− ρα

(
Ỹ ∗

i

)]
=

n∑
i=1

[
ρα

(
Vi + θα (Zi)− θ̃α (Zi)−

δ′Xi√
n

)
− ρα

(
Vi + θα (Zi)− θ̃α (Zi)

)]

which is convex in δ. Rewriting Q̂∗
n (δ) yields

Q̂∗
n (δ) = E

[
Q̂∗

n (δ) |X, Z
]

+
δ′√
n

n∑
i=1

Xi [α− I (Vi < 0)] + Rn (δ) . (A.14)

Applying formula (A.1), if Vi 6= 0, we have

ρα

(
Yi − θ̃α (Zi)−X ′

iβα

)
− ρα (Vi)

=
[
θ̃α (Zi)− θα (Zi) +

δ′Xi√
n

]
[α− I (Vi < 0)]

+
∫

eθα(Zi)−θα(Zi)+
δ′Xi√

n

0

[I (Vi ≤ t)− I (Vi ≤ 0)] dt

and

ρα

(
Ỹ ∗

i

)
− ρα (Vi)

=
[
θ̃α (Zi)− θα (Zi)

]
[α− I (Vi < 0)]

+
∫

eθα(Zi)−θα(Zi)

0

[I (Vi ≤ t)− I (Vi ≤ 0)] dt.

Hence, if Vi 6= 0

ρα

(
Yi − θ̃α (Zi)−X ′

iβα

)
− ρα

(
Ỹ ∗

i

)
(A.15)

=
δ′Xi√

n
[α− I (Vi < 0)] +

eθα(Zi)−θα(Zi)+
δ′Xi√

n∫
eθα(Zi)−θα(Zi)

[I (Vi ≤ t)− I (Vi ≤ 0)] dt.
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By (A.2), we have

E
(
Q̂∗

n (δ) |X, Z
)

=
n∑

i=1

eθα(Zi)−θα(Zi)+
δ′Xi√

n∫
eθα(Zi)−θα(Zi)

[Fv (t|Ii)− Fv (0|Ii)] dt + op (1)

=
δ′

2n

(
n∑

i=1

fv (0|Ii)XiX
′
i

)
δ +

δ′√
n

n∑
i=1

fv (0|Ii) Xi

(
θ̃α (Zi)− θα (Zi)

)

+
n∑

i=1

eθα(Zi)−θα(Zi)+
δ′Xi√

n∫
eθα(Zi)−θα(Zi)

f ′v
(
t|Ii

)
2

t2dt + op (1)

=
δ′√
n

n∑
i=1

fv (0|Ii) Xi

(
θ̃α (Zi)− θα (Zi)

)
+

δ′

2n

(
n∑

i=1

fv (0|Ii) XiX
′
i

)
δ + op (1) , (A.16)

where t lies between t and 0, and

∣∣∣∣∣∣∣∣
n∑

i=1

eθα(Zi)−θα(Zi)+
δ′Xi√

n∫
eθα(Zi)−θα(Zi)

f ′v
(
t|Ii

)
t2dt

∣∣∣∣∣∣∣∣
≤ M

n∑
i=1

(
δ′XiX

′
iδ

n
+
(
θ̃α (Zi)− θα (Zi)

)2
) ∣∣∣∣δ′Xi√

n

∣∣∣∣
= op (1) + Op

(
‖H‖2(p+1) +

1
n |H|

)
n1−v

= op (1) ,

if n1−v ‖H‖2(p+1) → 0, 1
nv|H| → 0 as n →∞, since maxi

∣∣∣ δ′Xi√
n

∣∣∣ = op (n−v)

for 0 < v < 1
2 by (A.8) and 1

n

∑n
i=1

(
θ̃α (Zi)− θα (Zi)

)2

= Op

(
‖H‖2(p+1) + 1

n|H|

)
.
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Next, we need to show that Rn (δ) = op (1) . We have E [Rn (δ)] = 0, and
by (A.1) and (A.2), Rn (δ) can be rewritten as

Rn (δ) =
n∑

i=1

[Ti − E (Ti|X, Z)] + op (1) , (A.17)

Ti =

eθα(Zi)−θα(Zi)+
δ′Xi√

n∫
eθα(Zi)−θα(Zi)

[I (Vi ≤ t)− I (Vi ≤ 0)] dt, (A.18)

then

E
(
R2

n (δ)
)

=
n∑

i=1

E [Ti − E (Ti|X, Z)]2 + o (1) ≤ nE
(
T 2

i

)

≤ nE


eθα(Zi)−θα(Zi)+

δ′Xi√
n∫∫

eθα(Zi)−θα(Zi)

Pr (0 < |Vi| < max (|t| , |s|) |X, Z) dtds


≤ nE

[
Pr
(

0 < |Vi| <
∣∣∣θ̃α (Zi)− θα (Zi)

∣∣∣+ ∣∣∣∣δ′Xi√
n

∣∣∣∣∣∣∣∣X, Z

)
δ′XiX

′
iδ

n

]
= o (1) ,

since
∣∣∣θ̃α (Zi)− θα (Zi)

∣∣∣ = Op

(
‖H‖p+1

)
+ Op

(
1√
n|H|

)
, and

∣∣∣ δ′Xi√
n

∣∣∣ =

op (n−v) again by (A.8).
Next, since

δ′√
n

n∑
i=1

Xifv (0|Xi, Zi) E
(
θ̃α (Zi)− θα (Zi) |X, Z

)
= Op

( √
n ‖H‖p+1

)
= op (1) , (A.19)

if
√

n ‖H‖p+1 → 0 as n →∞, then

Q̂∗
n (δ) = δ′Dn + δ′Cnδ/ 2 + rn (δ) , (A.20)
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where rn (δ) = op (1) , and

Dn =
1√
n

n∑
i=1

Xi

{
α− I (Vi < 0) + fv (0|Ii)

[
θ̃α (Zi)− θα (Zi)

−E
(
θ̃α (Zi)− θα (Zi) |X, Z

)]}
,

Cn =
1
n

n∑
i=1

fv (0|Ii) XiX
′
i

p→ C = E (fv (0|X, Z) XX ′) .

Then supδ rn (δ) = op (1) holds by the convexity lemma of Pollard (1991).

It follows that δ̂n =
√

n
(
β̂α − βα,0

)
= −C−1Dn + op (1) holds. It implies

that β̂α
p→ βα,0, and

√
n
(
β̂α − βα,0

)
d→ N (0,Ω0) , (A.21)

where Ω0 = C−1DC−1, with D = limn→∞E [DnDn
′] if Dn

d→ N (0, D) as
n →∞.

Next, we are going to show that Dn
d→ N (0, D) . First, by the results of

Theorem 1, we have

Mi = θ̃α (Zi)− θα (Zi)− E
(
θ̃α (Zi)− θα (Zi) |X, Z

)
=

e′1S
−1 (Zi)

n |H|
∑
m6=i

KmiWmi [I (Vm < ξmi)− Fv (ξmi|Im, Ii)] ,

sup
m,i

|ξmi| = O
(
‖H‖p+1

)
,

where

Kmi = K
(
H−1 (Zm − Zi)

)
; and Kmi = 0 if m = i,

Wmi =
(

1 w′imQ−1 X ′
m

)′
,

ξmi = θα (Zi) + τ ′iwim − θα (Zm) ,

e1 =
(

1 0 · · · 0
)′ a (m + k + 1)× 1 vector.
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Then

2Dn√
n

=
1

n (n− 1)

n∑
i=1

∑
m6=i

Hn (Ai, Am)

Hn (Ai, Am) = H̃n (Ai, Am) + H̃n (Am, Ai)

H̃n (Ai, Am) = Xi

{
α− I (Vi < 0) + fv (0|Ii)

e′1S
−1 (Zi) (n− 1)

n |H|
×KmiWmi [I (Vm < ξmi)− Fv (ξmi|Im, Ii)]} ,

where Ai = (Xi, Zi, Vi) . Thus Hn (Ai, Am) is a symmetric function and
E [Hn (Ai, Am)] = 0. Since

E
[
‖Hn (Ai, Am)‖2

]
= O

(
|H|−1

)
= o (n) ,

if n |H| → ∞ as n → ∞, then, by the Lemma 3.1 in Powell et al. (1989),
we obtain

2Dn√
n

= Ern (Ai) +
2
n

n∑
i=1

[rn (Ai)− Ern (Ai)] + op

(
1√
n

)

=
2
n

n∑
i=1

rn (Ai) + op

(
1√
n

)
,

where rn (Ai) = E [Hn (Ai, Am) |Ai] 6= 0 but Ern (Ai) = 0. Simple calcu-
lations show that

E
[
rn (Ai) rn (Ai)

′]
= α (1− α)E

{[
Xi − E

(
X̃m|Ii

)] [
Xi − E

(
X̃m|Ii

)]′}
+ o (1)

= D + op (1) ,

where X̃m = Xmfv (0|Zi, Xm) f (Zi|Xm) e′1S
−1 (Zi)

(
1 λ (K)′ X ′

i

)′
. Fi-

nally, the multivariate CLT for i.i.d. samples yields Dn = 1√
n

∑n
i=1 rn (Ai)

d→
N (0, D) , as n →∞, which will complete the proof of this theorem.
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