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1. 1. FORMULATION OF THE PROBLEM

We consider the Black-Scholes market model (see Karatzas and Shreve

(1998) and Musiela and Rutkowski (1997)): There are (n + 1) assets con-

tinuously traded in the market. The 0-th asset is a bond, and the last

n are stocks. The price process of the i-th asset is denoted by Pi(�) and

the following system of stochastic di�erential equations (SDEs, for short)

is satis�ed by Pi(�)'s:8>>><>>>:
dP0(t) = r(t)P0(t)dt;

dPi(t) = bi(t)Pi(t)dt+ Pi(t)

dX
j=1

�ij(t)dWj(t); 1 � i � n;

Pi(0) = pi; 0 � i � n;

(1:1)

where r(�), bi(�) and �ij(�) are called the interest rate (of the bond), the

appreciation rate, and the volatility (of the stocks), respectively, W (�) �
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(W1(�); � � � ;Wd(�)) is a d-dimensional standard Brownian motion de�ned

on some complete �ltered probability space (
;F ; fFtgt�0;P), such that

fFtgt�0 is the natural �ltration ofW (�). We denote b(�) = (b1(�); � � � ; bn(�))
T

and �(�) = (�ij(�))n�d.

According to Musiela and Rutkowski (1997), an equivalent condition for

the completeness of the market described above is n � d and �(t) being

of full rank for all t 2 [0; T ], almost surely. In the current paper, we do

not assume the full rank condition for �(t). As a matter of fact, we even

assume neither n � d nor n < d. Thus, the market under our consideration

is incomplete in general.

Next, we introduce the so-called log-price process Xi(t) = lnPi(t) for the

i-th asset, and using Itô's formula, we have (note (1.1))8<:
dX0(t) = r(t)dt;

dX(t) =
�
b(t)� �̂(t)

�
dt+ �(t)dW (t);

X0(0) = x0 , ln p0; X(0) = x0 , (ln p1; � � � ; ln pn)
T
;

(1:2)

where

�̂(�) � (�̂1(�); � � � ; �̂n(�)); �̂i(t) =
1

2

dX
j=1

j�ij(t)j
2
; 1 � i � n:

Motivated by the above, in what follows, we consider the following market

model which is a little more general than (1.2).8<:
dX0(t) = r(t;X(t))dt;

dX(t) = b(t;X(t))dt+ �(t;X(t))dW (t);

X0(0) = x0; X(0) = x:

(1:3)

One can similarly consider the case that r(�); b(�); �(�) also depend on X0(�),

which does not bring any additional diÆculty to the problems under our

consideration.

Now, let us consider an investor who has an initial wealth y 2 R (also

called initial endowment). He invests this amount in the market described

as (1.1). At any time t 2 [0; T ], the total wealth is denoted by Y (t). We

call Y (�) the wealth process of this investor (and thus, Y (0) = y). Let

us assume that the investment is self-�nancing, meaning that, besides the

initial endowment y, there is no money brought in or taken out during the

time interval [0; T ]. At any time t 2 [0; T ], the total wealth is decomposed

into (n+ 1) parts:

Y (t) =

nX
i=0

�i(t); t 2 [0; T ]; (1:4)
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where �i(t) is the market value of the i-th asset held by the investor, 0 �

i � n with �0(t) , Y (t) �
Pn

i=1 �i(t). We call �(�) , (�1(�); � � � ; �n(�)) a

portfolio process, which determines the investment manner of the investor.

A standard computation shows that Y (�) satis�es the following equation:

(Karatzas and Shreve (1998) and Musiela and Rutkowski (1997))8<:
dY (t) =

�
r(t;X(t))Y (t) + hh(t;X(t)); �(t)i

	
dt

+h�(t); �(t;X(t))dW (t)i; t 2 [0; T ];

Y (0) = y;

(1:5)

where

h(t; x) , b(t; x)� r(t; x)1; (t; x) 2 [0; T ]� R
n
; a:s:; (1:6)

with 1 , (1; � � � ;1)T 2 R
n . We will see that some of the discussions

below remain true for (1.5) without assuming relation (1.6). However, for

de�niteness, we keep relation (1.6) below. For convenience, we refer to the

triple (r; b; �) appeared in (1.3) as a market.

Before going further, let us introduce the following basic assumption:

(A1) Random �elds r : [0; T ] � R
n
� 
! [0;1), b : [0; T ]� R

n
� 
!

R
n , � : [0; T ] � R

n
� 
 ! R

n�d satisfy the following: For any x 2 R
n ,

t 7! (r(t; x); b(t; x); �(t; x)) is fFtgt�0-adapted and there exists a constant

L > 0, such that for all t 2 [0; T ], x; ex 2 R
n ,�

jb(t; x)� b(t; ex)j+ j�(t; x)� �(t; ex)j � Ljx� exj; a:s:;

jr(t; x)j+ jb(t; 0)j+ j�(t; x)j � L; a:s:
(1:7)

Sometime, we need the following stronger assumption.

(A1)0 Maps r : [0; T ] � R
n
! [0;1), b : [0; T ] � R

n
! R

n , � :

[0; T ] � R
n
! R

n�d are smooth with bounded derivatives such that (A1)

is satis�ed.

We note that in (A1)0, functions r; b; � are all deterministic. Clearly,

(A1)0 is a special case of (A1). But still, (A1)0 is very general. Also, we

will see that functions r, b and � only need to be C4. Here, we assume the

functions to be smooth just for simplicity.

Under (A1), by a standard result for SDEs, we know that for any x 2 R
n ,

there exists a unique strong solution X(�) to (1.3). Hereafter, (A1) will be

assumed, and thus X(�) is uniquely determined (once x 2 R
n is given).

Next, we introduce the following set:

�[0; T ] ,
�
� : [0; T ]� 
! R

n
�� �(�) is fFtgt�0-adapted;

hh(� ;X(�)); �(�)i; j�(� ;X(�))T�(�)j2 2 L1
F(0; T ;R)

	
;

(1:8)

where L1
F(0; T ;R ) is the set of all fFtgt�0-adapted processes '(�) such

that E
R T
0
j'(s)jds < 1. It is clear that the set �[0; T ] depends on the
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random �elds r; b; � as well as the initial log-price x. Any �(�) 2 �[0; T ] is

called a feasible portfolio. We know that under (A1), for any y 2 R and

�(�) 2 �[0; T ], (1.5) admits a unique strong solution Y (�) � Y (� ; y; �(�))

which admits the following representation:

Y (t) = e

R
t

0
r(�;X(�))d�

y +
R t
0
e

R
t

s
r(�;X(�))d�

hh(s;X(s)); �(s)ids

+ e

R
t

0
r(�;X(�))d�

R t
0
e
�
R
s

0
r(�;X(�))d�

h�(s); �(s;X(s))dW (s)i; t 2 [0; T ]:

(1:9)

Now, for this particular investor, he has his own attitude to the risk

versus the gain at the �nal time T , which can be described by a strictly

increasing and concave utility function g : R ! [�1;1). The investor

would like to maximize the following expected payo�:

J(y;�(�)) = E
�
g(Y (T ; y; �(�)))

�
(1:10)

by choosing a suitable portfolio �(�) 2 �[0; T ]. To be more precise, let us

state the following problem.

Problem (C). For given initial endowment y 2 R , �nd a portfolio

�(�) 2 �[0; T ] such that

J(y;�(�)) = sup
�(�)2�[0;T ]

J(y;�(�)): (1:11)

Any �(�) 2 �[0; T ] satisfying (1.11) is called an optimal portfolio, the

corresponding Y (�) , Y (� ; y; �(�)) is called an optimal wealth process, and

(Y (�); �(�)) is called an optimal pair. Problem (C) can be regarded as a

stochastic optimal control problem (Musiela and Rutkowski (1997)). In

that context, people refer to (1.5) as the state equation, Y (�) as the state

process and �(�) as the control.

In general, the range of the function g(�) contains the whole (�1;1)

and the wealth process Y (� ; y; �(�)) is linear in the portfolio �(�) whose

values runs over the whole Rn . Thus, a direct approach using minimizing

sequence to prove the existence of an optimal portfolio is not applicable for

our problem. Moreover, we even allow g(�) to take �1 as its values at some

points in R . The above diÆculties make the existence of optimal portfolios

of Problem (C) non-trivial. Our approach is as follows: We �rst derive a

set of necessary conditions for optimal portfolios. Then, by the concavity

of g(�) and the linearity of the state equation (1.5), we show that the set

of the obtained necessary conditions is also suÆcient for optimality. Next,

by a comparison theorem for backward stochastic di�erential equations,

we show the existence of the portfolio satisfying the necessary conditions,

which leads to the existence of an optimal portfolio. This also gives a

construction of an optimal portfolio. Finally, for a special form of utility

function, we construct an optimal portfolio via a Riccati type equation

which is a BSDE with a quadratic adjustment term.
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The rest of this paper is organized as follows. Section 2 is devoted to

some preliminaries. Necessary and suÆcient optimality conditions, as well

as the existence of optimal portfolios are established in Section 3. Section 4

presents a construction of an optimal portfolio via a Riccati type equation.

The readers are referred to Karatzas and Shreve (1998), Musiela and

Rutkowski (1997), and Pliska (1997) and the extended references cited

therein for some standard results about optimal investment problems. Also,

the readers can �nd a di�erent approach for the similar problem in Kra-

makov and Schachermayer (1999). For other related works, see El Karoui,

Peng, and quenez (1997), Ma and Yong (1999), and Yong (1999, 2000),

and Yong and Zou (1999).

2. 2. FEASIBILITY, FINITENESS AND SOLVABILITY

In this section, we present some preliminary results. First of all, let

us introduce some notations. Let L2
F(0; T ;R

n) be the set of all fFtgt�0-

adapted processes X(�) such that
R T
0
EjX(t)j2dt < 1, L2

FT
(
;Rn) be the

set of all FT measurable random variables � such that Ej�j2 < 1. The

de�nition of L1F (0; T ;Rn) is obvious. Now, let us say something about the

function g : R ! [�1;1). We de�ne the domain D(g) of g(�) as follows:

D(g) , fy 2 R
�� g(y) > �1g; (2:1)

and let

y0 , inf D(g): (2:2)

We call y0 the subsistence terminal wealth (Karatzas and Shreve (1998))

for the investor. Next, we introduce the following assumption on g(�).

(A2) Function g : R ! [�1;1) is upper semicontinuous with the

domain D(g) de�ned by (2.1), and (note (2.2))

(y0;1) � D(g) � [y0;1): (2:3)

Function g(�) is C2 in (y0;1) with

g
0(y) > 0; g

00(y) < 0; 8y 2 (y0;1); (2:4)

lim
y!1

g
0(y) = 0; lim

y!y0
g
0(y) =1: (2:5)

Moreover, the inverse (g0)�1(�) : (0;1)! (y0;1) of g0(�) satis�es

j(g0)�1(z)j � C(jzj� + jzj
��); 8z 2 (0;1): (2:6)
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Note that (2.4) implies that g(�) is strictly increasing and strictly concave;

(2.3) means that the domain D(g) of g(�) is either (y0;1) or [y0;1) (if

y0 > �1). It is not hard to check that any one of the following functions

satis�es (A2) with y0 = �1, or 0.8>>>><>>>>:
g(y) = 1� e

��y
; y 2 R ; (� > 0);

g(y) =

�
y
�
; y � 0;

�1; y < 0;
(0 < � < 1);

g(y) =

�
ln y; y > 0;

�1; y � 0:

(2:7)

We now introduce the following notion.

Definition 2.1. (i) Problem (C) is said to be feasible at an initial

endowment y 2 R if there exists a �(�) 2 �[0; T ] such that J(y;�(�)) is a

�nite number. If the problem is feasible at any y 2 R , we say that Problem

(C) is feasible.

(ii) Problem (C) is said to be �nite at y 2 R if

sup
�(�)2�[0;T ]

J(y;�(�)) 2 (�1;1); (2:8)

and, if the problem is �nite at any y 2 R , we say that Problem (C) is �nite.

(iii) Problem (C) is said to be (uniquely) solvable at y 2 R if there

exists a (unique) �(�) 2 �[0; T ] such that (2.8) holds, and if the problem

is (uniquely) solvable at any y 2 R , we say that Problem (C) is (uniquely)

solvable.

We denote Y0, Yf and Ys to be the sets of initial endowments at which

Problem (C) is feasible, �nite and solvable, respectively. It is clear that

Ys � Yf � Y0: (2:9)

Let us present the following basic result.

Proposition 2.1. Let (A1){(A2) hold.

(i) The set Y0 contains D(g)
T
[0;1).

(ii) If Yf 6= �, then

Yf � (inf Yf ;1): (2:10)

(iii) If, in addition, function g(�) is bounded from above, then

Yf = Y0: (2:11)
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(iv) If the following holds:

lim
y!1

g(y) = +1; (2:12)

and Yf 6= �, then

h(t;X(t)) 2 R
�
�(t;X(t))

�
, f�(t;X(t))�

�� � 2 R
d
g;

a:e:t 2 [0; T ]; a:s:
(2:13)

(v) If Ys 6= � (without assuming (2.12)), then (2.13) holds.

Proof. (i) For any y 2 D(g)
T
[0;1), by taking �(�) = 0, from (1.9),

we see that

Y (T ; y; 0) � e

R
T

0
r(�;X(�))d�

y � y; a:s: (2:14)

Thus, Y (T ; y; 0) 2 D(g) which implies y 2 Y0.

(ii) Let y 2 Yf . For any ŷ > y, and �(�) 2 �[0; T ], by the convexity of

g(�), and the linearity of (1.9), we have

Eg(Y (T ; ŷ; �(�))) = Eg(e
R
T

0
r(�;X(�))d� (ŷ � y) + Y (T ; y; �(�)))

� Eg(Y (T ; y; �(�))) +E
�
e

R
T

0
r(�;X(�))d� (ŷ � y)

�
:

(2:15)

Thus, by the boundedness of r(�), and y 2 Yf , we obtain

sup
�(�)2�[0;T ]

Eg(Y (T ; ŷ; �(�)))

� sup
�(�)2�[0;T ]

Eg(Y (T ; y; �(�))) + e
krk1T (ŷ � y) <1:

(2:16)

Since y 2 Yf is arbitrary, (2.10) follows.

(iii) It is obvious.

(iv) Since Yf 6= �, there exists some y 2 Yf . Suppose (iv) does not

hold. For any t 2 [0; T ], let

Gt , f! 2 

�� h(t;X(t)) =2 R

�
�(t;X(t))

�
= N

�
�(t;X(t))T

�?
g

= f! 2 

�� 9� 2 N ��(t;X(t))T

�
; hh(t;X(t)); �i 6= 0g:

(2:17)

Then by a Filippov type theorem, we can �nd a �(�) 2 L1F (0; T ;Rn) such

that �
�(t;X(t))T �(t) = 0;��hh(t;X(t)); �(t)i

�� � 1;
a:e:t 2 [0; T ]; a:s:; (2:18)
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and

P
���ft 2 [0; T ]

�� hh(t;X(t)); �(t)i 6= 0g
�� > 0

�
=

Z T

0

P(Gt)dt > 0; (2:19)

with jSj standing for the Lebesgue measure of S � [0; T ]. De�ne

�(t) = �(t)sgn
�
hh(t;X(t)); �(t)i

	
; t 2 [0; T ]; (2:20)

with sgn 0 , 0. Then it follows from (2.18) that �(�) 2 �[0; T ] and�
�(t;X(t))T�(t) = 0; a:e:t 2 [0; T ]; a:s:;

hh(t;X(t)); �(t)i =
��hh(t;X(t)); �(t)i

��: (2:21)

Now, we take ��(�) = ��(�) 2 �[0; T ], � > 0, and solve (1.5) to get

Y (T ; y; ��(�)) = e

R
T

0
r(�;X(�))d�

y + �

Z T

0

e

R
T

t
r(�;X(�))d�

��hh(t;X(t); �(t)i
��dt:

(2:22)

Thus, by (2.12) and (2.19), we obtain

J(y;��(�)) = E
�
g(Y (T ; y; ��(�)))

�
!1; (�!1); (2:23)

contradicting y 2 Yf .

(v) Let y 2 Ys, and let �(�) 2 �[0; T ] satisfy (1.11). Suppose again that

(2.13) does not hold. Then we can �nd a �(�) 2 L
1
F (0; T ;Rn) satisfying

(2.18) and (2.19). By taking �(�) 2 �[0; T ] as (2.20), we have (2.21). Hence,

Y (T ; y; �(�)+�(�)) = Y (T ; y; �(�))+

Z T

0

e

R
T

t
r(�;X(�))d�

jhh(t;X(t)); �(t)ijdt:

(2:24)

By (2.19), we get

J(y;�(�) + �(�)) > J(y;�(�)); (2:25)

contradicting the optimality of �(�).

The above result says that Y0 is always non-empty; condition (2.13) is

necessary for Ys to be non-empty; and if (2.12) holds, condition (2.13) is

also necessary for Yf to be non-empty. Moreover, in the case Yf 6= �,

(2.10) holds. It is clear that (2.13) is equivalent to the existence of an

fFtgt�0-adapted process � : [0; T ]� 
! R
n satisfying

h(t;X(t)) = �(t;X(t))�(t); t 2 [0; T ]; a:s: (2:26)
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Let us now introduce the following assumption which is a little stronger

than (2.26).

(A3) There exists a �(�) 2 L1F (0; T ;Rd) such that (2.26) holds.

Process �(�) in (2.26) is called a risk premium. When (A3) holds, (1.3)

can be written as follows8<:
dY (t) =

�
r(t;X(t))Y (t) +h�(t;X(t))T�(t); �(t)i

	
dt

+h�(t;X(t))T�(t); dW (t)i; t 2 [0; T ];

Y (0) = y:

(2:27)

Condition (2.26) is closely related to an important notion about the market.

For reader's convenience, let us briey recall it.

Definition 2.2. A market (r; b; �) is said to have an arbitrage op-

portunity on [0; T ] if there exists a �(�) 2 �[0; T ] such that the solution

Y (� ; 0; �(�)) of (1.5) (with y = 0) satis�es

�
Y (T ; 0; �(�)) � 0; a:s:

P
�
Y (T ; 0; �(�)) > 0

�
> 0:

(2:28)

If no arbitrage opportunity exists, we say that the market (r; b; �) is of

no-arbitrage.

The meaning of no-arbitrage is that there is no way of making riskless

pro�t without initial investment. In the case that r; b; � are all independent

of x, one has another closely related notion | equivalent martingale mea-

sure. In the current case, provided (A1) holds, (1.3) admits a unique solu-

tion X(�), and we can regard r(� ;X(�)), b(� ;X(�)) and �(� ;X(�)) as known

stochastic processes. Thus, the notion of equivalent martingale measure

can be similarly introduced. More precisely, we have the following.

Definition 2.3. Let (A1) hold and X(�) be the solution of (1.3)

(corresponding x). A probability measure Q on (
;F ; fFtgt�0;P) is called

an equivalent martingale measure for the market (r; b; �) if Q is equivalent

toP and the price P̂i(�) ,
Pi(�)
P0(�)

of each bond-discounted asset is a martingale

on (
;F ; fFtgt�0;Q). Here, Pi(t) = e
Xi(t), 0 � i � n.

The following result links condition (2.26) with the notions in De�nitions

2.2 and 2.3.

Proposition 2.2. Let (A1). Then the implications (i) ) (ii) ) (iii) )

(iv) hold for the following statements:
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(i) There exists a �(�) 2 L1
F(0;R

d) satisfying

E

n
e
1
2

R
T

0
j�(t)j2dt

o
<1; (2:29)

such that (2.29) holds.

(ii) There exists an equivalent martingale measure for the market.

(iii) The market is of no-arbitrage.

(iv) There exists an fFtgt�0-adapted process � : [0; T ] � 
 ! R
d such

that (2.26) holds.

The proof of the above is very similar to the standard case (where r; b; �

are independent of X(�)). We would like to point out that, in general, (i)

and (iv) in the above are not necessarily equivalent. To see this, we need

only take a �(�) 2 L1
F (0; T ;R) n L

2
F(0; T ;R). Then

E

n
e
1
2

R
T

0
�(t)2dt

o
�

1

2
E

Z T

0

�(t)2dt =1: (2:30)

Next, we take�
n = d; �(t) = I;

b(t; x) = �(t)b; r(t; x) = �(t); with b 2 R
n
; b 6= 1:

(2:31)

Consequently, (2.26) implies

�(�) = �(�)[b� 1];

which does not satisfy (2.29). Thus, (iv) is strictly weaker than (i).

We recall that under (A1), (A3) and (2.29), the following gives an equiv-

alent martingale measure:

Q(B) =

Z
B

e
� 1

2

R
T

0
j�(s)j2ds�

R
T

0
h�(s);dW (s)i

dP; 8B 2 FT : (2:32)

Let us return to Problem (C). From Proposition 2.1, we know that Y0
contains D(g)

T
[0;1). We now would like to give a more precise charac-

terization of Y0.

Proposition 2.3. Let (A1){(A3) hold. Let Q be de�ned by (2.32) and

let

�0 = EQ

n
e
�
R
T

0
r(�;X(�))d�

y0

o
; (2:33)
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Then

Y0 �

(
(�0;1); if y0 =2 D(g);

[�0;1); if y0 2 D(g):
(2:34)

If (A1)0, (A2){(A3) hold, then the equality in (2.34) holds.

Proof. First, we assume that y0 =2 D(g). For any y 2 Y0, by de�nition,

there exists a �(�) 2 �[0; T ] such that Y (T ; y; �(�)) 2 D(g). We recall

the Girsanov transformation ([2,11]). De�ne Q as in (2.32). Then Q is

a probability on (
;F ; fFtgt�0), and it is equivalent to P. Moreover, the

following process

fW (t) =W (t) +

Z t

0

�(s)ds; t 2 [0; T ] (2:35)

is a standard Brownian motion on (
;F ; fFtgt�0;Q), still with fFtgt�0

being the natural �ltration. Now, (2.27) becomes�
dY (t) = r(t;X(t))Y (t)dt+ h�(t;X(t))T�(t); dfW (t)i; t 2 [0; T ];

Y (0) = y:

(2:36)

Consequently, we must have

Y (T ; y; �(�)) = e

R
T

0
r(�;X(�))d�

�
y +

R T
0
e
�
R
t

0
r(�;X(�))d�

h�(t;X(t))T�(t); dfW (t)i
�

> y0:

(2:37)

This leads to

y +

Z T

0

e
�
R
t

0
r(�;X(�))d�

h�(t;X(t))T�(t); dfW (t)i > e
�
R
T

0
r(�;X(�))d�

y0:

(2:38)

Taking expectation with respect to Q, we obtain

y > EQ

n
e
�
R
T

0
r(�;X(�))d�

y0

o
� �0: (2:39)

This implies

Y0 � (�0;1): (2:40)

In the case that y0 2 D(g) we may simply replace \>" in (2.37){(2.39) by

\�". Thus, (2.34) holds.
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Now, let us assume (A1)0, (A2){(A3). For any real number ey0 > y0, we

consider the following:8<:
deY (t) =

�
r(t;X(t))eY (t) + hh(t;X(t)); e�(t)i	dt

+h�(t;X(t))T e�(t); dW (t)i; t 2 [0; T ];eY (T ) = ey0: (2:41)

This equation is called a backward stochastic di�erential equation (BSDE,

for short). Next, we apply an idea from Yong (1999) (see Ma and Yong

(1999) and Yong (2000) also) to solve the above BSDE. Suppose (eY (�); e�(�))
is an adapted solution of (2.41) which admits a representation of the fol-

lowing form: eY (t) = ev(t;X(t)); t 2 [0; T ]; a:s:; (2:42)

for some smooth function ev(� ; �). By Itô's formula, we have

deY (t) =
�evt(t;X(t)) + hevx(t;X(t)); b(t;X(t))i

+ 1
2
tr
�evxx(t;X(t))�(t;X(t))�(t;X(t))T

�	
dt

+hevx(t;X(t)); �(t;X(t))dW (t)i:

(2:43)

Comparing (2.43) with (2.41), we see that ev(� ; �) should be chosen such

that8<:
�(t;X(t))T [e�(t)� evx(t;X(t))] = 0;evt(t;X(t)) + hevx(t;X(t)); b(t;X(t))i+ 1

2
tr
�evxx(t;X(t))�(t;X(t))�(t;X(t))T

�
= r(t;X(t)ev(t;X(t)) + hh(t;X(t)); e�(t)i:

Thus, one natural choice is that

e�(t) = evx(t;X(t)); t 2 [0; T ]; a:s:; (2:44)

with ev(� ; �) being a solution of the following linear parabolic partial di�er-

ential equation: � evt + 1
2
tr
�
��

T evxx�+ rh1; evxi � rev = 0;ev(T; x) = ey0: (2:45)

By Yong (1999), we know that when r; � are smooth, (2.45) admits a unique

classical solution ev, and if X(�) is the solution of (1.3), then we can show

that (2.42) and (2.44) give an adapted solution to (2.41). This meanseY (�) = Y (�; eY (0); e�(�)). Then similar to the proof of Proposition 2.2, we

obtain

ey0 = eY (T ) = Y (T ; eY (0); e�(�))
= e

R
T

0
r(�;X(�))d�

�eY (0) + R T
0
e
�
R
t

0
r(�;X(�))d�

h�(t;X(t))T e�(t); dfW (t)i
	
:

(2:46)
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Thus, eY (0) = EQ

n
e
�
R
T

0
r(�;X(�))d� ey0o 2 Y0; 8ey0 > y0: (2:47)

Since ey0 7! EQ

n
e
�
R
T

0
r(�;X(�))d� ey0o is strictly increasing, we see that for

any y > �0, there exists a ey0 > y0 such that

y = EQ

n
e
�
R
T

0
r(�;X(�))d� ey0o 2 Y0: (2:48)

This, together with (2.34), leads to

Y0 = (�0;1): (2:49)

The case y0 2 D(g) can be proved similarly.

We have seen that (A3) allow us to get equality in (2.34) for Y0. Also,

Proposition 2.2 tells us that (A3) is almost necessary for Yf 6= �. However,

we do not see a direct proof for the suÆciency of Yf 6= � from (A1){(A3).

3. EXISTENCE OF OPTIMAL PORTFOLIOS

It is known that Pontryagin's maximum principle is one of powerful tools

in optimal control theory (Yong and Zou (1999)). In this section, we are

going to use the idea of maximum principle to establish the existence of

optimal portfolios for Problem (C), which leads to Ys 6= �. To this end,

let (A1){(A3) hold, y 2 Ys, and let �(�) 2 �[0; T ] be an optimal portfolio

of Problem (C), whose corresponding optimal wealth process is denoted by

Y (�) , Y (�; ; y; �(�)). Now, let �(�) 2 �[0; T ] such that J(y;�(�)) is �nite.

For any Æ 2 (0; 1), denote

�Æ(�) = �(�) + Æ[�(�)� �(�)]: (3:1)

By the concavity of g(�), we have

�1 < (1� Æ)J(y;�(�)) + ÆJ(y;�(�))

� J(y;�Æ(�)) � sup
�(�)2�[0;T ]

J(y;�(�)) <1; 8Æ 2 (0; 1): (3:2)

By the optimality of �(�) and (3.2), we have (denoting YÆ(�) , Y (� ; y; �Æ(�))

to be the wealth process corresponding to �Æ(�))

0 �
1
Æ

�
J(y;�Æ(�))� J(y;�(�))

	
= 1

Æ
E
�
g(YÆ(T ))� g(Y (T ))

	
� J(y;�(�))� J(y;�(�)) = E

�
g(Y (T ; y; �(�)))� g(Y (T ))

	
:

(3:3)
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Sending Æ ! 0 in the above yields

0 � E
�
g
0(Y (T ))�(T )

	
� E

�
g(Y (T ; y; �(�)))� g(Y (T ))

	
; (3:4)

where �(�) is the solution of the following variational system:8<:
d�(t) =

�
r(t;X(t))�(t) + h�(t); �(t;X(t))T [�(t)� �(t)]i

	
dt

+h�(t;X(t))T [�(t)� �(t)]; dW (t)i; t 2 [0; T ];

�(0) = 0;

(3:5)

and for the time being, we assume that

g
0(Y (T )) 2 L2

FT
(
;R): (3:6)

Next, we introduce the following adjoint equation of (3.5):�
d'(t) = �r(t;X(t))'(t)dt+ h (t); dW (t)i; t 2 [0; T ];

'(T ) = g
0(Y (T )):

(3:7)

Again (3.7) is a BSDE. Let ('(�);  (�)) be the adapted solution of (3.7).

Using Itô's formula, we have

E
�
g
0(Y (T ))�(T )

	
= E

�
'(T )�(T )

	
= E

R T
0
h'(t)�(t) +  (t); �(t;X(t))T [�(t)� �(t)]idt:

(3:8)

Combining (3.8) and (3.4), one obtains

0 � E
R T
0
h�(t;X(t))

�
'(t)�(t) +  (t)

�
; �(t)� �(t)idt;

8�(�) 2 �[0; T ]; such that J(y;�(�)) is �nite:
(3:9)

Conversely, suppose �(�) 2 �[0; T ] such that (3.9) holds with ('(�);  (�))

being the adapted solution of (3.7), and Y (�) being the corresponding so-

lution of (1.5). Let �(�) 2 �[0; T ] such that J(y;�(�)) is �nite. Then, by

Taylor expansion, (3.8){(3.9), and the convexity of g(�), we have

J(y;�(�))� J(y;�(�))

= E

nR T
0
h'(t)�(t) +  (t); �(t;X(t))T [�(t)� �(t)]idt

+ 1
2
g
00(eY )[Y (T )� Y (T )]2

o
�

1
2
E
�
g
00(eY )[Y (T )� Y (T )]2

	
� 0:

(3:10)

Thus, we obtain the following result.

Theorem 3.1. Let (A1){(A3) hold. Let �(�) 2 �[0; T ] whose corre-

sponding wealth process Y (�) satis�es (3.6). Then (Y (�); �(�)) is an optimal
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pair for Problem (C) if and only if (3.9) holds with ('(�);  (�)) being the

adapted solution of BSDE (3.7).

Now, let us note that

R

�
�(t;X(t))

�
= N

�
�(t;X(t))T

�?
= N

�
�(t;X(t))�(t;X(t))T

�?
= R

�
�(t;X(t))�(t;X(t))T

�
:

(3:11)

Thus, (2.13) is also equivalent to the existence of an fFtgt�0-adapted pro-

cess �̂ : [0; T ]� 
! R
n satisfying

h(t;X(t)) = �(t;X(t))�(t;X(t))T �̂(t); 8t 2 [0; T ]; a:s: (3:12)

We now introduce the following assumption which is a little stronger than

(A3).

(A3)0 There exists a smooth function �̂ : [0; T ]�Rn ! R
n with bounded

derivatives of all required orders, such that

h(t; x) = �(t; x)�(t; x)T �̂(t; x); 8(t; x) 2 [0; T ]� R
n
: (3:13)

When (3.13) holds, equation (2.27) becomes8<: dY (t) =
�
r(t;X(t))Y (t) + h�(t;X(t))T�(t); �(t;X(t))T �̂(t)i

	
dt

+h�(t;X(t))T�(t); dW (t)i; t 2 [0; T ];

Y (0) = y:

(3:14)

We are now in the position to state and prove the following existence

theorem of optimal portfolios.

Theorem 3.2. Let (A1)0, (A2) and (A3)0 hold with either y0 = 0, or

y0 = �1. Then

Ys = Yf = Y0 = D(g): (3:15)

Consequently, for any initial endowment y 2 D(g), there exists an optimal

portfolio.

Proof. Note that in the cases y0 = 0, or y0 = �1, one has �0 = y0 (see

(2.33) for the de�nition of �0). Set

�(t) = �(t;X(t))T �̂(t;X(t)); 8t 2 [0; T ]; a:s: (3:16)
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Now we prove that for any y 2 (y0;1), there exists a �(�) 2 �[0; T ] such

that (3.6) holds and

'(t)�(t) +  (t) = 0; t 2 [0; T ]; a:s:; (3:17)

where ('(�);  (�)) is the adapted solution of (3.7). Then (3.9) holds and

�(�) will be an optimal portfolio, which implies y 2 Ys.

Note that if (3.17) holds, then '(�) should satisfy the following:

d'(t) = �'(t)
�
r(t;X(t))dt+ h�(t); dW (t)i

	
; t 2 [0; T ]: (3:18)

This implies

'(t) = '(0)e�
R
t

0
[r(�;X(�))+ 1

2
j�(�)j2]d�+

R
t

0
h�(�);dW (�)i

, '(0)�(t); t 2 [0; T ];

(3:19)

where

�(t) = e
�
R
t

0
[r(�;X(�))+ 1

2
j�(�)j2]d�+

R
t

0
h�(�);dW (�)i

t 2 [0; T ]; (3:20)

and '(0) 2 R . By a simple calculation, using Itô's formula, we have

Ej�(T )j� � C�; 8� 2 R : (3:21)

We want to choose a proper '(0) 2 R so that

g
0(Y (T )) = '(T ) � '(0)�(T ): (3:22)

By (A2), g0(�) is strictly decreasing, and with the range (0;1). Thus,

(3.22) is equivalent to the following:

Y (T ) = (g0)�1
�
'(0)�(T )

�
: (3:23)

Using (2.6) and (3.21), we obtain that

E
��(g0)�1('(0)�(T ))��2 � C; (3:24)

with the constant only depending on j'(0)j. Now, we consider the following

BSDE:8<:
dY (t) =

�
r(t;X(t))Y (t) + hh(t;X(t)); �(t)i

	
dt

+h�(t;X(t))T�(t); dW (t)i; t 2 [0; T ];

Y (T ) = (g0)�1
�
'(T )

�
:

(3:25)

Note that in the above BSDE, the terminal value Y (T ) is not a constant.

Thus, the technique used in the proof of Proposition 2.6 has to be modi�ed.
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To this end, we introduce �(t) = ln'(t). Then �(�) satis�es the following

SDE:

d�(t) = �

�
r(t;X(t)) + 1

2
j�(t;X(t))T �̂(t;X(t))j2

	
dt

+h�̂(t;X(t)); �(t;X(t))dW (t)i; t 2 [0; T ]:
(3:26)

Consequently, we have a decoupled FBSDE (1.3), (3.26) and (3.25). Now,

suppose (X(�); �(�); Y (�); �(�)) is an adapted solution to this FBSDE such

that

Y (t) = u(t;X(t); �(t)); t 2 [0; T ]; a:s:; (3:27)

for some smooth function u(t; x; �). By Itô's formula, (and suppressing t

and X(t)) we have

dY =
�
ut + hux; bi � u�[r +

1
2
j�

T
�̂j
2

+ 1
2
tr
�
(uxx + 2ux� �̂

T + u�� �̂�̂
T )��T

�	
dt

+hux + u� �̂; �dW (t)i:

(3:28)

Comparing (3.28) with (3.25), we see that a proper choice for u(�) should

lead to

�(t) = ux(t;X(t); �(t)) + u�(t;X(t); �(t))�̂(t;X(t)); t 2 [0; T ]; (3:29)

and the following PDE is satis�ed:8<:
ut +

1
2
tr
�
(uxx + 2ux� �̂

T + u�� �̂�̂
T )��T

�
+hux;1ir � u�[r +

1
2
j�

T
�̂j
2 + hh; �̂i]� ru = 0;

u(T; x; �) = (g0)�1(e�):

(3:30)

Similar to [9], we can �nd a classical solution u(�) to (3.30). Then (3.27)

and (3.29) gives an adapted solution (Y (�); �(�)) to BSDE (3.25).

Next, we want to choose a suitable '(0) 2 R such that the following is

true:

Y (0) = y: (3:31)

Recalling (2.5), and using comparison theorem of BSDEs (see [1]), we can

prove that in either case y0 = 0, or y0 = �1,�
as '(0)! 0; (g0)�1

�
'(0)�(T )

�
!1; & Y (0)! +1;

as '(0)! +1; (g0)�1
�
'(0)�(T )

�
! y0; & Y (0)! y0:

(3:32)

Hence, by the continuity of '(0) 7! Y (0), in either case, there exists a

'(0) 2 (y0;1) such that (3.31) holds. This means that for y 2 (�0;1),
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there exist (Y (�); �(�)) and ('(�);  (�)) satisfying (2.27), (3.7) (since (3.17)

holds), and (3.9). Thus, by Theorem 3.1, the there exists an optimal port-

folio for y. This proves our conclusion for the case y0 =2 D(g). Finally, in the

case y0 = 0 2 D(g), by (2.9) and (2.34), we need only to show that 0 2 Ys.

By (A3)0, we know that there is no-arbitrage for the market. Thus, the opti-

mal portfolio for y = 0 is �(�) = 0. This gives the solvability of Problem (C)

at y = 0.

4. CONSTRUCTION OF AN OPTIMAL PORTFOLIO

In this section, we concentrate on a special case for which we can con-

struct an optimal portfolio via a Riccati type equation. We know that the

Riccati equation was usually used in some linear quadratic optimal control

problems (see Chen and Yong (2000) and Yong (2000) for some details).

Here, we use it to treat some problem which is not linear-quadratic.

In what follows, we assume that (A1)0 and (A3)0 hold. Let  2 (0; 1) and

de�ne

g(y) =

�
1

y

; y � 0;

�1; y < 0:
(4:1)

Let us now present a formal derivation. Consider the following BSDE:�
dp(t) = �(t)dt+ h�(t;X(t))T �(t); dW (t)i; t 2 [0; T ];

p(T ) = 1;
(4:2)

where �(�) is undetermined. Since �(t;X(t)) is not necessarily invertible,

the existence of an adapted solution is not obvious. We will address this

problem a little later. Now, suppose (p(�); �(�)) is an adapted solution of

(4.2) such that p(t) > 0 for all t 2 [0; T ], almost surely. Next, for given

�(�) 2 �[0; T ] and y 2 [0;1), let Y (�) be the corresponding solution to

(3.14). By Itô's formula, we obtain that (we suppress t and X(t) in the

following)

d[Y  ] =
�
Y

�1(rY + h�
T
�̂; �

T
�i) +

(�1)
2

Y
�2

j�
T
�j

2
	
dt

+Y �1
h�

T
�; dW (t)i:

(4:3)

Hence,

d[pY  ] =
n
�Y

 + p
�
Y

�1(rY + h�
T
�̂; �

T
�i) +

(�1)

2
Y
�2

j�
T
�j

2
�

+Y �1
h�

T
�; �

T
�i

o
dt+ [� � � ]dW (t):

(4:4)
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This leads to

J(y;�(�)) � 1

EY (T ) = 1


E[p(T )Y (T ) ]

= 1

p(0)y + E

R T
0

n
�Y




+ p

�
Y
�1(rY + h�

T
�̂; �

T
�i)

+�1
2
Y
�2

j�
T
�j

2
�
+ Y

�1
h�

T
�; �

T
�i

o
dt

= 1

p(0)y + E

R T
0

nh
�


+ rp+ p

j�T (�̂+ �

p
)j2

2(1�)

i
Y


�
1�
2
pY

�2
����T �� � �̂+

�

p

1�
Y
����2odt:

(4:5)

Set

�̂(t) =
�(t)

p(t)
; t 2 [0; T ]; (4:6)

and choose

� = �p
�
r +

j�
T (�̂ + �̂)j2

2(1� )

�
: (4:7)

Then (p; �̂) is an adapted solution of the following BSDE:(
dp = p

n
� 

�
r +

j�T (�̂+�̂)j2

2(1�)

�
dt+ h�

T
�̂; dW (t)i

o
; t 2 [0; T ];

p(T ) = 1:
(4:8)

This is equivalent to the following (noting (4.6))(
dp = �

�
rp+

j�T (p�̂+�)j2

2(1�)p

�
dt+ h�

T
�; dW (t)i; t 2 [0; T ];

p(T ) = 1:
(4:9)

This is called a stochastic Riccati equation. One can �nd a similar thing

in stochastic linear quadratic optimal control problems (Chen and Yong

(2000) and Yong (2000)).

Further, we set p̂ = log p. By Itô's formula, one sees that (p̂; �̂) is an

adapted solution of the following BSDE:8><>:
dp̂ = �

�
r +

j�T �̂j2

2(1�)
+ 

1�
h�

T
�̂; �

T
�̂i+ 1

2(1�)
j�

T
�̂j
2
�
dt

+h�T �̂; dW (t)i; t 2 [0; T ];

p̂(T ) = 0:

(4:10)

With the choice � given by (4.7), it follows from (4.5) that

J(y;�(�)) � 1

EY (T )

= 1

p(0)y � 1�

2

R T
0
pY

�2
����T �� � �̂+�̂

1�
Y
����2dt: (4:11)
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Note that p(�) is independent of �(�). Thus, if we denote

�(t) =
�̂(t;X(t)) + �̂(t)

1� 
Y (t); t 2 [0; T ]; (4:12)

with Y (�) being the corresponding solution of (3.14), and if such a �(�) 2

�[0; T ], then

J(y;�(�)) � J(y; �(�)) =
1


p(0)y ; 8�(�) 2 �[0; T ]: (4:13)

This means that the �(�) de�ned by (4.12) is an optimal portfolio. Plugging

this portfolio into (3.14), we have8><>:
dY (t) = Y (t)

�
r(t;X(t)) +

h�(t;X(t))T [�̂(t)+�̂(t)];�(t;X(t))T �̂(t)i

1�

	
dt

+
Y (t)

1�
h�(t;X(t))T [�̂(t) + �̂(t)]; dW (t)i; t 2 [0; T ];

Y (0) = y:

(4:14)

Consequently, by Itô's formula, we have

d[lnY (t)] =
n
r(t;X(t)) +

j�(t;X(t))T [�̂(t;X(t))+�̂(t)]j2

2(1�)2

�
1
2
j�(t;X(t))T �̂(t;X(t))j2

o
dt

+h
�(t;X(t))T [�̂(t;X(t))+�̂(t)]

1�
; dW (t)i;

(4:15)

Thus, the following holds true:

Y (t) = ye

R
t

0

�
r(s;X(s))+

j�(s;X(s))T [�̂(s;X(s))+�̂(s)]j2

2(1�)2
� 1

2 j�(s;X(s))T �̂(s;X(s))j2
	
ds

�e

R
t

0
h
�(s;X(s))T [�̂(s;X(s))+�̂(s)]

1�
;dW (s)i

; t 2 [0; T ]:

(4:16)

Combining (4.12), we have the expression for �(�). Under certain con-

ditions, this �(�) will be feasible. Then we can further claim that it is

optimal.

To summarize the above, we state the following proposition.

Proposition 4.1. Let (A1)0 and (A3)0 hold. Suppose that BSDE (4.8)

admits an adapted solution (p(�); �̂(�)) such that �(�) de�ned by (4.12) with

Y (�) de�ned by (4.16) is feasible. Then �(�) is an optimal portfolio and

Y (�) is the corresponding optimal wealth process.

The remaining problem is to make investigate when BSDE (4.8) admits

an adapted solution (p(�); �̂(�)) such that the conditions of Proposition 4.1
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hold. Note that when n = d = 1 with �(t;X(t))�1 bounded, by Lepeltier

and Martin (1998), we know that BSDE (4.10) admits a maximal adapted

solution (p̂; �̂) with p̂ 2 L1F (0; T ;R) and �̂ 2 L
2
F(0; T ;R

d), which will give

the existence of an adapted solution for (4.8). However, since we do not

have assumptions on n and d, as well as the rank of the matrix �(t;X(t)),

the technique of Kramakov and Schachermayer (1999) does not apply here.

We now apply the idea of \Four-Step-Scheme" again (Ma and Yong

(1999)). Let us assume that (p(�); �̂(�)) is an adapted solution of (4.8),

and it has the following form:

p(t) = v(t;X(t)); t 2 [0; T ]; (4:17)

with v(� ; �) being some smooth function. It is reasonable to assume this

because all the randomness of the BSDE (4.8) come from X(�) (and from

W (�), of course). Applying Itô's formula, we have (suppressing (t;X(t))

below) �
vt + hb; vxi+

1
2
tr[��T vxx]

	
dt+ hvx; �dW (t)i

= dp = �v
�
r +

j�T (�̂+�̂)j2

2(1�)

�
dt+ vh�

T
�̂; dW (t)i:

(4:18)

Comparing the di�usion terms on the two sides, we should have

�(t;X(t))T [vx(t;X(t))� v(t;X(t))�̂(t)] = 0; t 2 [0; T ]; a:s: (4:19)

Therefore, we had better choose

�̂(t) =
vx(t;X(t))

v(t;X(t))
; t 2 [0; T ]; a:s: (4:20)

Next, comparing the drift terms on the two sides of (4.18), and taking into

account of (4.20), we see that v(� ; �) should satisfy8><>:
vt +

1
2
tr[��T vxx] + hb+ 

1�
��

T
�̂; vxi

+
�
r +

j�T �̂j2

2(1�)

�
v +

j�T vxj
2

2(1�)v
= 0; (t; x) 2 [0; T ]� R

n
;

v
��
t=T

= 1:

(4:21)

According to the above analysis, we see that if (4.21) admits a classical

solution v such that it is bounded itself together with its partial deriva-

tives and 1
v
, then (p(�); �̂(�)) de�ned by (4.17) and (4.20) with X(�) be the

solution of (1.3) is an adapted solution of (4.8). Moreover, conditions of

Proposition 4.1 will be satis�ed and �(�) will be an optimal portfolio. Thus,

everything is now reduced to solving equation (4.21).

The general solvability of the above equation is diÆcult since the nonlin-

ear term involves a quadratic term in vx, and the equation is degenerate.

However, we have an interesting special case, which we now present.
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We introduce the following further assumption.

(A1)00 Maps r : [0; T ] ! [0;1), b : [0; T ] ! R
n , � : [0; T ] ! R

n�d are

bounded.

In another word, under (A1)", all the coeÆcients are x-independent. In

this case, (A3)0 should be replaced by the following:

(A3)00 There exists a bounded function �̂ : [0; T ]! R
n such that

h(t) , b(t)� r(t)1 = �(t)�(t)T �̂(t); 8t 2 [0; T ]: (4:22)

Now, we are looking for solution v(�) of (4.21) which is x-independent. This

is possible since all the coeÆcients (including the terminal condition) are

independent of x. Consequently, we need only solve an ordinary equation:(
vt +

�
r +

j�T �̂j2

2(1�)

�
v = 0; t 2 [0; T ];

v
��
t=T

= 1:
(4:23)

The solution is given by

v(t) = e

R
T

t

�
r(s)+

j�(s)T �̂(s)j2

2(1�)

�
ds
; t 2 [0; T ]: (4:24)

In this case, we have

p(t) = v(t); �̂(t) = 0; t 2 [0; T ]; a:s: (4:25)

Clearly, the conditions of Proposition 4.1 hold. Thus, �(�) constructed via

(4.12) is an optimal portfolio.

We have to admit that the general case is left widely open and we hope

to come back to the problem in our future publications.
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