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We consider the problem of estimating conditional probability distributions
that are multivariate in both the conditioned and conditioning variable sets.
This is an extension of Hall, Racine, and Li (forthcoming), who considered
the case of a univariate conditioned variable but who also considered the more
general case of both irrelevant and relevant conditioning variables. Following
Hall et al. (forthcoming), we use the kernel method with the smoothing param-
eters selected from the cross-validated minimization of a weighted integrated
squared error of the kernel estimator. We derive the rate of convergence of
the smoothing parameters to some non-stochastic optimal smoothing param-
eter values, and establish the asymptotic normal distribution of the resulting
nonparametric conditional probability (density) estimator. Simulations show
that the proposed method performs quite well with a mixture of categorical
and continuous variables. (© 2004 Peking University Press
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1. INTRODUCTION

In this paper we consider the problem of estimating conditional proba-
bility (density) functions that are multivariate in both the conditioned and
conditioning variable sets. Likelihood cross-validation is known to break
down when modeling ‘fat-tail’ continuous data with commonly used com-
pact support kernels such as the Epanechnikov kernel or thin-tailed kernels
such as the widely used Gaussian kernel (see Hall (1987a,1987b)), and so
we select the smoothing parameters by cross-validated minimization of a
weighted integrated squared error of the kernel estimator. We derive the
rate of convergence of the smoothing parameters to some benchmark non-
stochastic optimal smoothing parameters, and establish the asymptotic
normal distribution of the resulting nonparametric conditional probability
(density) estimator. This paper extends results found in Hall, Racine, and
Li (forthcoming), who consider the case of univariate conditioned variables
and do not derive the rate of convergence of the cross validation selected
smoothing parameters to some benchmark optimal values. However, Hall
et al. (forthcoming) consider both irrelevant and relevant conditioning vari-
ables that we do not address here.

Related work includes that of Hall (1981), who considered bandwidth
selection issues that arise when using the method of Aitchison and Aitken
(1976) when there exist empty cells for categorical data, and who proposed
a robust solution to this problem, Titterington (1980), Wang and Ryzin,
(1981), Hall and Wand (1988), Scott (1992), Simonoff (1996), Li and Racine
(2003), and Racine and Li (2004), to mention only a few. We note that
Tutz (1991) has considered cross-validation for estimating conditional den-
sity functions with mixed variables, though he only shows the consistency
of his proposed estimator and does not establish rates of convergence or
asymptotic distributions.

This paper proceeds as follows. In Section 2 we consider the proposed
nonparametric estimator of the conditional density function in the presence
of categorical and continuous data types; Section 3 reports simulation re-
sults that examine the finite-sample performance of the proposed estimator.
Proofs of the main results are given in Appendices A and B.

2. ESTIMATION OF CONDITIONAL DISTRIBUTIONS

Let Z = (X,Y) denote a vector of random variables. We assume that
7 consists of k discrete variables and ¢ continuous variables, and we use
Z% to denote a k x 1 vector of discrete variables. In this section, for
expositional simplicity, we will first consider the case where Z? € {0, 1}*.
We use Z¢ € R? to denote the continuous components of Z. We also
write X = (X¢ X%), where X¢ € RP is the continuous components of
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X, and X% € {0,1}" is the discrete components of X. Similarly we have
Y = (Y4, Y%, Y€ RIPand Y€ {0,1}F .

Let f(z) = f(z,y) denote the joint density function of Z = (X,Y),
let m(z) denote the marginal density function of X, and let g(ylz) =
f(z,y)/m(z) denote the conditional density of Y given X = gc.

We use th,i to denote the tth component of Z¢. For Z{il, ; €1{0,1},
define a univariate kernel function 1(Z,, Zgj) =1-Xif Zd = thj,
WZE, Zi) = Nif Zi, # Z;, where X is a smoothing parameter.

Define d., ., = (Z}=Z%)(Z8—Zf). d., .,; takes values in € {0,1,2,..., k},
and it equals the number of disagreement components between Z¢ and Z ]C-l.
The product kernel is given by

and

k
L(zd, zg, ) = [ 12, 285) = (1= N)Fdzmi X (1)
t=1

It is straightforward to generalize the above to the case of a k-dimensional
vector of smoothing parameters A. For simplicity of presentation and with-
out loss of generalization, only scalar A is treated here. In practice, we
employ multidimensional numerical search routines that indeed allow A to
differ across variables

Letting Z¢, denote the tth component of Z¢, letting w(-) be a univariate
kernel functlon for a univariate continuous Variable, and letting W () be
the product kernel function for the continuous variables, we have

7 —Z5N\ de il Z¢, — Z¢
Wi(Z8,25) = h™ W < - J) Y[ w (” - “) )
t=1

To avoid introducing too much notation, we shall use the same notation
L(-) and W(-) to denote the product kernel for X¢ and X¢, i.e.,

LXE, X0 = [JUxE, X)) = (1= A)7 deims Ao, (3)
=1

where dy, », = (X — X]‘-i)’(de - X]‘-i) equals the number of disagreement
components between X¢ and X;l, and

) X¢— X§ LD CAE ¢
W (X5, X9) E horw ( - J) =h?]]w (” - ”). (4)
t=1

Similarly we define

LY A) = [T YG) = (L= Ay Semaben o (5)
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and

Yi-YE P rye —vE
ve. ve) — p—(a—p) v T3 ) p(a-p) A 2
Wi(YE V) w () [Iw(=5) ©

We estimate f(z) by
. 1 «
f(z):EZKZi’Z’ (7)
i=1

where Kz, » = Lza ,aWze ze, La o = L(Z¢, 2%, )), and Waze ne = Wi(Z5,29)
are defined in (1) and (2), respectively.
Similarly, we estimate the marginal density m(z) by

) =+ 3" Ko 0

where KXi,x = LX’{i,',L‘dWXiC7xC7 foiyxd = L(Xid,:z:d, )\) and WXf,xC =
Wi (X¢,x¢) are defined in (3) and (4), respectively.
Therefore, we estimate g(y|x) = f(z,y)/m(x) by

o flay)
g(ylz) = z) 9)

It is well established that maximum-likelihood cross-validation methods
do not lead to consistent estimation for fat-tail distributions with the kernel
functions typically used in practice (Hall (1987a,b)). Therefore, we will
choose the smoothing parameters by cross-validation methods that involve
the minimization of a weighted integrated square error. We first introduce
some notation. We will use subscripts 4, j, and [ to denote observations
(e D05 = Doty Do 2oy = doien 2oyt jaio €tc). When 2% 27 and
y? appear as the summation index, it runs over the support of z¢: D, =
{0,1}*, the support of z%: D, = {0,1}", and the support of y¥: D, =
{0,117 e, 3o = DodeD.s 2agd = 2agdep,s and X0 = ZydeDy'

Using the notation [dz =Y . [ dz°, a weighted integrated square dif-
ference between §(-) and g(-) is given by

I,

/ 3(ul) — g(ylz)*mi(z) dz

/ 6(yl)Pmi) dz — 2 / 5(yl)g(yleym(z) dz + / l9(yl)Pm(z) d
Iln - 21277, + ISna (10)
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where I1, = [[§(y|z)*m(z)dz, Lo, = [ §(y|z)g(y|z)m(z)dz, and I3, =

[lg(ylz)]*m(z) dz. The reason for choosing m(z) as the weight function

in (9) will become apparent later. Note that I3, is independent of (h, \).

Therefore, minimizing I,, over (h, A) is equivalent to minimizing I1,, — 21,.
Define

é(x) /[f( 2ZZKX,,xKX :E/KY yKY ydy

- n#ZZKXMKijKg?Yj, (11)
i
where Ks(/?yj = Ky, yKy, ydy =3 f Ky, Ky, ,dy* is the second order

convolution kernel, Ky, , = Wy, Ly, 4, Ly, , = L(Y;,y,A), and Wy, , =
—(a=p) (%) are defined by (5) and (6), respectively.
Using (10), we have

L, = // (y|x))? dz:/Wm(x)dx

- | s = Bx

where Ex(-) denotes the expectation with respect to X only (not with
respect to the random observations {Z;}7 ;).
Also,

; (12)

I, = /g(y|x)g(y\x)m(x) dz = /Q(ylw)f(wyy) dxdy

_ / [z, y) f(2)
B m(z) m(X)
where Ez denotes the expectation with respect to Z only (not with respect
to the random observations {Z;}1 ;).
From (11) and (12) we see that by choosing m(z) as the weighting func-
tion, we can write Iy,, and I, in simple forms, enabling us to construct

simple estimators for them.
Therefore, minimizing I,, is equivalent to minimizing Iy,, — 2[5, given by

Iy, — 20, = Ex {AG(X)} —2Fy
m

Equation (14) suggests that in practice, one can replace the expectations
FEx and Ez by their sample analogues. However, some caution is needed.

f(xay) dr = EZ

; (13)

f(X.Y)
m(X)

(14)
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Let us consider Iy, first. When replacing Ez[f(X,Y)/m(X)] by its sample
analogue n~1 Zz 1 F(X,, Y1) /m(X;), one needs to use the leave-one-out
estimators for f(X;,V;) and 7 (X;) given by

fo(X, V) =n" Z Kz, 7, (15)
i=1,1#1
and
TAYL,Z(XZ):TL71 Z KXi,X[' (16)
i=1,i#l

This is because, in the definition of Ez[f(X,Y)/m(X)], the Z variable
must be treated as independent of the observations that are used to esti-
mate f(Z) and 7m(X). The leave-one-out estimator insures that Z; and Z;
are independent of each other (since i # 1).

Similarly, one should also use a leave-one-out estimator for G(X;) given
by

é—l(Xl) :n_ZZZKXi,XlKXj,XlK)(/?Yj' (17)
il j#l
Therefore, replacing Ex(-) and Ez(-) by their sample analogues in (14),
we obtain

CV(h,N) défiz[?” %ZfA Xl’Yl (18)

m_

where f_l(Xg, Y1), m—_(X;), and G_Z(Xg) are the leave-one-out estimators
given in (15), (16), and (17), respectively.

We will choose (A, h) to minimize C'V (h, A), defined in (18), and we will
use (h, ) to denote this cross-validation choice of (b, \).

The following assumptions will be used.

(A1) (4) {Z:} ={X., Y3}, isiid. as Z = (X,Y). (ii) Let f(z) be
the joint density of Z, and m(z) be the marginal density of X, f(z¢,z%)
(or m(x¢, 2%)) is four times continuously differentiable with respect to its
continuous arguments for all z¢ € D, (x¢ € D,). (iii) infres,m(z) > 6 >0
for some positive §.

(A2) (i) The kernel function w(-) is non-negative, bounded, and sym-
metric around zero; also [w(v)dv = 1, fw vidv < co. (i) h lies in a
shrinking set H,, = [h, h], where h > Cn 4 h < Cn=9 for some C > 0
and 0 > 0.

(A3) Deﬁne ma(zc,z?) = P, Zz‘f,dx,m:s(l — M ENEm (2, 1d),

INGE O OZZI, ”1_8(1 — NI f(2¢, 24, and
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gA;ylx) = falz,y)/mr(x). Then [[gr(ylx) — g(yl)*m(z) dzdy > 0 for
A#0.

(A1) (iii) rules out the case where X has an unbounded support. This
assumption is not crucial and can be relaxed. When X has an unbounded
support, one needs to introduce a trimming parameter to trim out ob-
servations near the boundary. The proof will be more tedious. Roughly
speaking (A2) (ii) requires h satisfy the usual conditions of h = o(1) and
(nh?)~! = o(1) (e.g., Hirdle and Marron (1985)). (A3) is only used to
prove that A= op(1). It can be removed by assuming that \ takes values
in a shrinking set, say, A,, = [0, Cy/log(n)] for some Cy > 0.

Letting CVy(h, ) denote the leading term of CV (h,\), in Appendix A
we show that

CVo(h, \) = D1h* — Dyh®\ + D3A? + Dy(nh?)7!, (19)

where D;’s are some constants defined in Appendix A. Letting (ho, Ao)
denote the values of (h, A) that minimize CVy(h, A), simple calculus shows
that

ho = cyn~ YD and A, = con= 2/ (419, (20)

where ¢; = {pD4/(4[D1 — D3/(4D3)])}*/4+P) and ¢y = Dac3/(2D3). We
interpret h, and A, as non-stochastic optimal smoothing parameters.
Theorem 1 below establishes the rate of convergence of (h, A) to (he, Ao).

THEOREM 1. Under assumptions (A1) to (A3), we have
(h = ho)/ho = Op(n~/U+DY and X — A, = O, (n™7),

where a = min{2, ¢/2} and = min{1/2,4/(4+ q)}.

The proof of Theorem 1 is given in Appendix A. By the result of Theorem
1, it is easy to show that

THEOREM 2.
Under assumptions (A1) to (A83), we have

Vnhe(§(ylz) — g(ylx) — h2By(2) — ABa(2)) — N(0,(z)) in distribution,

where

By (z) (1/2)(1/m(2))tr[v2f(2)][/w(v)v2d11]7
f z

(1/m(2)) Y [f(527) = f(=5 2],

zdd, =1

Ba(z)

I3
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and Q(z) = [f(z)/m?(x)][[ W?(v)dv] (V? is with respect to z©).

Up to now we have assumed that the discrete variable 2% is a multivariate
binary variable. It is straightforward to generalize our results to the more
general case to which we now turn.

The General Categorical Data Case
Assume that th,i takes ¢; > 2 different values, i.e., Zgi €{0,1,...,c:—1},

t=1,...k. Weuse D, = Hle{O, 1,...,c¢ — 1} to denote the range assumed
by Z{. For Z{, Z$ € D.. Following Aitchison and Aitken (1976) we use
a univariate kernel function: 1(Z;, Z{;,\) = 1 = X if Z}, = Z{;, and
Z(Zfz,Zf], A) = M — 1) if Z¢, # Z”fj Define an indicator function

(th,z % Zg]), which takes value 1 if Zgi #* Zgj, and 0 otherwise. Also, de-
fined., ., = Zle VASE VA ;)» which equals the number of disagreement
components between Z{ and Z¢. Then the product kernel for the discrete
variables is defined by

k
L2820 = TTUZE 250 = cot = NS xtoss, (21
t=1

where ¢y = Hf \M(ZE # Z{) /(e —1). The product kernels L(X{, X¢, \)
and L(Y-d,de,/\) are similarly defined. Omne can show that the results
of Theorem 1 and Theorem 2 remain unchanged with the above product
kernels, and the above definition of d_, .,.

In the above we have assumed that the discrete variables do not have a
natural ordering, examples of which would include different regions, eth-
nicity, and so on. In practice, discrete variables may have some natural
orderings, examples of which would include preference orderings (like, in-
difference, dislike), health (excellent, good, poor), and so forth. In this case
Aitchison and Aitken (1976, p.29) suggest using the kernel weight function:
WZE, Z15,0) = ele, s)AS (1 — X% when |28, — Z | =s (0 < s < ¢ ),
where (c(ct, s) = ci!/[s!(c; — $)!]. The results of Theorem 1 and Theorem 2
can also be easily extended to cover the case for which some of the discrete

variables have natural orderings while others do not.

3. SIMULATIONS

We now consider the finite-sample performance of the proposed method
under a variety of scenarios. Though the theory we present is an extension
of Hall at al. (forthcoming) to multivariate conditioned sets, we restrict
attention in the following simulations to a univariate conditioned set for
ease of interpretation. While Hall et al. (forthcoming) consider simulations
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involving continuous Y, here we consider those involving discrete Y, a
popular setting in economic applications. We assume that interest lies
in predicting Pr[Y = y|X;1,...], and in estimating how this probability
responds to changes in the conditioning variables. The kernel estimator
g(Y|x) is given in (9) and the gradient estimator is given by

[r()]? '

We begin with a simple example in which X; and X5 are both U[—4, 4].
Y is a binary variate € {0,1} and is conditionally determined by

Vag(yle) = (22)

DGP1:

Y_{1 if X+ X e >0 (23)

1 0 otherwise

where € is a white noise N(0,0?) error term with o, = 1.

The median predicted conditional probability and that for the Probit
model for a sample size of n = 100 are plotted in Figure 1, while Table
1 computes the average confusion matrices and classification rates for two
sample sizes, n = 100 and n = 1,000, allowing us to assess the cost of not
knowing the parametric form of the underlying DGP.

P FLY ’4’",’,' ..’

R T
RO
ORI
AR

K N
AR
(L

2L

%

FIG. 1. Median kernel and Probit estimates of the conditional probability that
Y = 1. The Probit estimate is the figure on the right. The contour line on the horizontal
plane represents the boundary between the estimated conditional probability that Y = 0
and Y = 1 for a sample size of n = 100 based on 5,000 Monte Carlo replications.

This situation is often modeled with a Probit specification. We are inter-
ested in how well the proposed method performs relative to a parametric
model. As expected from Table 1, we observe that the parametric meth-
ods perform better than the nonparametric approach. Table 1 considers
how this efficiency loss behaves as the sample size increases from n = 100
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TABLE 1.

Confusion matrix and classification rates for the proposed method and
that from a Probit model. The upper table is that for n = 100
while the lower is for n = 1, 000.

Kernel Probit
AP 0 1 |A/P][ o0 1
0 481.0 63.5 0 492.9 51.5
1 63.4 481.2 1 51.7 492.8
%Correct 88.4% | %Correct 90.5%
%CCR(0) 88.3% | %CCR(0) 90.5%
%CCR(1)  88.4% | %CCR(1)  90.5%

Kernel Probit
AP 0 1 |A/P] o0 1
0 493.5 51.1 0 495.4 49.1
1 51.2 493.2 1 49.1 495.4
%Correct 90.6% | %Correct 91.0%
%CCR(0)  90.6% | %CCR(0)  91.0%
%CCR(1) 90.6% | %CCR(1) 91.0%

to n = 1,000, and we witness the consistent nature of the nonparametric
approach being revealed as the sample size increases.

Next we consider a situation in which X; and X5 are both U[—4,4]. YV
is a binary variate € {0,1} and is conditionally determined by

1 if —2<Xi+e<2and —2< Xo+6 <2
0 otherwise

)

(24)
where €; and €3 are white noise N(0,02) error terms with o, = 0.1. Note
that the Probit model is misspecified for DGP2 because it uses a mis-
specified index function 81 X7 + B2 X5. The median predicted conditional
probability along with the gradient with respect to X; are plotted in Figure
2.

This is a case in which the Probit model completely breaks down, as
can be seen from an examination of Table 2. The Probit specification uses
none of the conditioning information contained in X; and X5 and simply
predicts all zeros. The gradients from the Probit model are therefore zero
everywhere and again none of the estimated parameters in the Probit model
is significant except for the constant.

More interesting cases arise when considering conditional prediction of
multinomial categorical data. These situations are frequently encountered
in practice. Using a multinomial Probit approach, for example, raises a

DGP2: Y:{
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2(0hxi) N
M
0.5 (!

FIG. 2. Median kernel estimate of the conditional probability that ¥ = 1 and the
gradient with respect to X;. The contour line on the horizontal plane represents the
boundary between the estimated conditional probability that ¥ = 0 and ¥ =1 for a
sample size of n = 1,000 based on 5,000 Monte Carlo replications.

TABLE 2.

Confusion matrix and classification rates for the proposed method and
that from a Probit model.

Kernel Probit
AP 0 1 [A/P] o 1
0 799.2 33.8 0 830.5 2.5
1 36.9 219.1 1 256.0 0.0
%Correct 93.5% | %Correct 76.3%
%CCR/(0) 95.9% | %CCR(0) 99.7%
%CCR(1) 85.6% | %CCR(1) 0.0%

number of issues such as normalization, identification, and specification of
multiple indices. The proposed method does not suffer from any of these
issues. Below we consider a multinomial categorical data case.

1 if X{+e >0and Xo+6 >0
DGP3: Y =<2 if Xi4+e <0and Xo+6e <0 , (25)
0 otherwise

where €; and e represent white noise N(0,02) with o, = 0.1. For DGP3 a
standard multinomial Probit model is misspecified because (25) does not
have the conventional index functional form.

Both the median kernel and Probit estimators of Pr[Y = 0|X7, X2| are
plotted in Figure 3 below, while the confusion matrices and classification
rates appear in Table 3. As can be seen, the multinomial Probit model
cannot consistently model this situation and the gradients in particular
from the Probit approach will be totally misleading.

The proposed estimator can readily model nonlinear conditional pre-
diction of binary and multinomial categorical data without requiring the



222 JEFF RACINE, QI LI, AND XI ZHU

Y
RO

YR
%’“: e

R
R0
DR

FIG. 3. Median kernel and Probit estimates of the conditional probability that
Y = 0 for a sample size of n = 100 based on 5,000 Monte Carlo replications. The Probit
results are presented in the rightmost figure.

TABLE 3.

Confusion matrix and classification rates for the proposed method and
that from a Probit model.

Kernel Probit
A/P 0 1 2 A/P 0 1 2
0 252.6 194 0.3 0 223.5  48.8 0.0

1 19.0  506.6 18.9 1 49.6 446.4  48.6
2 0.3 19.7  252.3 2 1.2 48.5 222.6

%Correct 92.9% | %Correct 82.0%
%CCR(0) 92.8% | %CCR(0) 82.1%
%CCR(1) 93.0% | %CCR(1) 82.0%
%CCR(2) 92.7% | %CCR(2) 81.8%

researcher to specify functional forms for indices and distributions of the
errors. The method only has a slight finite-sample efficiency loss com-
pared to parametric estimators based on correctly specified models, while
it completely dominates parametric estimators when the parametric model
is misspecified.

4. CONCLUSION

This paper presents a nonparametric approach to the estimation of a mul-
tivariate conditional probability density function when faced with mixed
categorical and continuous data and multivariate conditioned and condi-
tioning variable sets. The approach can be useful in a wide variety of
situations, and does not place the burden of correct specification on the
researcher. The simulations presented in this paper highlight both the
consistency and the flexibility of the proposed approach for a variety of
situations.
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APPENDIX A

Proof of Theorem 1.

In Appendix A we will use (s.0.) to denote terms of smaller orders, or
terms independent of (h,A). For example, for 4,, = A,(h,A) and B, =
B, (h, ), if we write A,, = By, +(s.0.), then (s.0.) contains terms of smaller
orders than B,, and the terms that are independent of (h, \).

In order to save space, we will not distinguish between n~! and (n—1)"1,
etc., since these will not change the conclusions in the proofs below. Also,
we will write m(X;) to denote mm_;(X;), etc.

The random denominator 7 in CV (h, ) is difficult to handle from a
theoretical point of view. This is dealt with by using the following identity:

11 (X)) - m(X)
WX) - mx) T mm(x) (A1)

By the uniform consistency of m to m and given that m is bounded below
in its support (see Lemma A.1), the second term is negligible compared to
the first. Using CVj(h,A) to denote CV (h, \) when 1 is replaced by m,
from (18) we have

CVi(h,\) =n"" ; [nf(())(il))p —2n7! ; ffn)?x?;l) (A2)

Using (17), we have

E G | _ E 02 Y Ky Kxoxa Kx,
(X)) [ m?(X;)

2
— nlE KS(/i?Yi (KXan )2
m2(X))

KS(/?YJKXi,XLKXj,XL
m?(X;)

+ B : (A.3)

where the first term corresponds to i = j and the second term corresponds
to ¢ # j. In the above we ignore the difference between n, and (n— 1) since
they will not change the order of the quantities we analyze.
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Defining J,, = E[CV1(h, )], then, by (A.2) and (A.2), we have

def

- K)(/Q)y (Kx,x,)? K;(/,Zi?yjKXi,XKXj,XL
; m?(X;) m?(X;)
Ky 7 :l
—2F dasl
[m(Xl)
= Jn,l + Jn,2 - 2Jn737 (A4)

where the definition of J,, ; (j = 1,2, 3) should be apparent.
From Lemma 2 and Lemma 3, we know that

Jn = Jn71+Jn,2—2Jn,3 = Dlh4—D2h2/\+D3)\2+D4(’I’th)_1+(s.0.), (A5)

where (s.0.) denote terms of smaller orders, or terms independent of (h, A).
Lemma 4 shows that

C‘/l = jn,l + jn,Q - 2jn,3
- Jn,l + Jn,2 - 2Jn,3
+ 0, ((zﬂ FAR T2 (R2 40 + (nhq/2)-1) . (A6)

Define C'V, = CV —CV;. Using (A.1) and Lemma 1, one can easily show
that
CVa = Op(h* + N)O,(CV1) = O, ((K* + X)) . (A7)
(A.5) and (A.7) give us

CV(h,\) = CVi +CVa
— OVo+ Op((h2 + N 40 2/2 (h2 AT (nhq)_1/2)> . (A8)

where CVb = Jn71 + ng + Jn,g.

From (A.7) one can show that (h—h,)/ho = Op(n=*/4+0) and A=\, =
Op(n_ﬁ ), where o and [ are defined as in Theorem 1. We briefly discuss
how this is done.

From (A.7) we know that h — h, = 0p(ho) and A — X\, = 0,()\,). Note
that when ¢ < 3, (h2 + \)3 = op (n7Y/2(h? + X + (nh?/2)~1). Therefore,
we have

CV(h,\) = CVp + 0, (n*w(h2 T (mﬂ)*lﬂ)) +(s.0).  (A9)
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Define hy = h — h, and \; = P Ao, and note that hy (A1) has an
order smaller than h, (A,). Since (h,A) minimizes (A.9), we must have
(h)* = h& = (ho+ha) = = 43 + (s.0) = O (n~Y/2h%) = O(n~/2h2),
which gives hihy = Oy(nY/2), or hy/hy = (h— ho)/he = O,(n~1/124+a)]),
Similarly, we have A2 — A2 = 2\, + (s.0.) = O, (n‘1/25\) =0, (n712),),
which gives \; = A — A, = Op(n~/?). Summarizing the above we have,
for ¢ < 3,

(h — ho)/he = O, (n_l/ [2<4+4>1) and A— ), =0, (n—1/2) . (A.10)

When g > 4, we have

CV(h,A) = CVy + O, ((R* + N)?) + (s.0.). (A.11)

From (A.11) it is easy to see that (h)* — hi = 4h3h; + (s.0.) = O(hS) =
O(h8), which leads to hy = O,(h3), or hi/h, = O,(h3). Also, A2 — \2 =
2\ + (5.0.) = O,(A%) = 0,(A3), which gives A\; = A — A\, = 0,(\2) =
O, (h%) (because A\, = O(h2)). Thus we have for ¢ > 4,

(h — ho)/ho = O, (n72/<4+q>> and A— )\, =0, (n*4/<4+q>) . (A12)

(A.10) and (A.12) prove Theorem 1.

Proof of Theorem 2

Define f(z) and m(z) the same way as f(z) and m(z) but with (h, \)
being replaced by (he, A,). Then it is easy to show that

E[f(2)] = f(2) = h2Bi(2) + AoBa(2) + O((h% + \)?), (A.13)
Var(f(z)) = (nh®)HQ(2) + O(h% 4+ \,)], (A.14)

and
m(x) —m(x) = Op(h2 + \o). (A.15)

(A.13), (A.14), and (A.15) imply that (using Lyapunov’s CLT)

Vnhi[g(z) — g(z) = (h3B1(2) + AoBa(2))m(2)]
— N(0,9(z)) in distribution, (A.16)

where g(y|lz) = f(2)/m(z), and where B;(z) and By(z) are defined as in
Theorem 2.
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Using Theorem 1, (A.15), and a Taylor expansion argument, one can
easily show that

nhi(§(z) — g(2) — h*Bi(2) — ABa(2))
— N(0,9Q(z)) in distribution. (A.17)

This completes the proof of Theorem 2.

APPENDIX B
LEMMA 1. (i) sup,cp, |(z) —m(z)| = O(h) a.s.
(ii) sup.ep, |9(ylz) — g(ylz)| = O(h) a.s.
Proof: First note that i = 0(1) by Assumption (A2), and using Assump-
tion (A3), one can show that A = 0,(1). The remaining steps are similar

to the proof of Lemma 1 of Hérdle and Marron (1985), and are therefore
omitted here.

LEMMA 2. J,1 = Dy(nh?)~t + O((nh?)~1(h% + X)),
where Dy is constant defined in the proof below.

Proof: Define

Gn(z4,28) = h_2q/W2 (zl ; : > F25, 2hm= (2, 2% d2C dzf. (B.1)
From Jy,i =n'E {K@Y (Kx,.x,)? /mQ(Xl)} cand K& = [[Ky, ,)%dy,
we have

anJ

=B [Ky (K, o2 (0)] = [ {1, K, 2/ (X2)} dy
:/ [Ki’lezhm/m(x)] f(zl)dzldyd:v:/[KiZl/m(x)] f(z1)dz dz

=YL WA ) st o) d s
Zd Zld

= Z Z Lid’ziiGh(zd, 24)

d d
z Zl

=(1-\)* Z Gn(z%, 2% + A1 — N2t Z Z Gn(24, 28) + O(\?)

e
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=(1-2g0)> Gr(z% 2+ 2> > Guzt ) +0(N)
zd zd z¢d., =1

=(1—2q\)To.p + A1 + O(N?)

=To.n + MT1n — 2qT0.) + O(N?), (B.2)
where
Ton = ZGh(zd, zd)
Zd
Tl,h = Z Z Gh(zd, Zil) (B.3)

zd z‘li,dzlyzzl

Applying change-of-variables to (B.1), we have

Gn(z4,2) = I”L_Z‘J/VV2 (lez )f(zf,zf)m_l(wc7md) dz¢dz{
= h_q/WQ(v)f(zc—&—hv,zf)m_l(xc,xd)dzcdv
= 79 [Go(2% 2]) + O(h?)], (B.4)

where

Go(2%,2¢4) = {/f(zc,zf)ml(xc,xd) dzc] [/Wz(v)dv} ) (B.5)
Substituting (B.3) into (B.2), we get

Ton = h™9> Go(z%,2%) + 0>~ = h™Ty o + O(h*™9)

Tin = b9y Y Go(z',2) +O(h*)

d d _
z% 2¢,dzq,2=1

= h 9Ty 0+ O(R* ), (B.6)

where Tpo = > .4 Go(2%,2%), Tio = 3. Ezf’dq 1 Go(z%, 2{) with
Go(z%, 2{) given in (B.5).
Substituting (B.5) into (B.2), we have
g = n" [Top + NI, — 2qTo,n) + O(N)]

= (nh®) " [To0 + MT10 — 2qTo0) + O(h?) + O(N?)]
= Dy(nh?)~" + O((nh?) "' (A + h?)), (B.7)
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where Dy = TO,O (D4 > 0)

LeEmMMA 3. Jy2 —2J,3 = Do+ Dih* — DyAR? + D3/\2 + O((h2 + /\)2),
where Dj’s (7 =0,1,...,4) are some constants defined in the proof below.

Proof: We first consider J,, 3. Define

My, (2%, 2¢4) = /[W(zc,zf)/m(ajc,acd)] f25, 2 (26, 2%) dz¢ dz5. (B.8)

We have

Jns = E[Kz z/m(Xi)|=FE [ng,ngZ;,Zf/m(Xl)]

ZZiniyzd/ [W(zﬂzf)/m(mc,md)} F25, 2D f(25, 2% d2t dag
ZZsz,szh(zd7ztli)

20 zd

= ZMhz 2N+ A1 q1z Z My (27, 21)

zd z:1 dz1 2=1

)i QZ Z My (2%, 28) + O(\?)

zd z1 dz1 =2

= (I—gr+qlg—1)N*/2) > Mn(z",2%)
d

FAL=(g=DNY Y Ma(z"2)

zd zf dzl =1

/\QZ Z M (2%, 2) + (s.0.)
z‘li dz1 2=2
= (1—gA+qlg—1)N/2)Aon + A1 — (g — DN A1 p + XAz, + (s.0.)
= Ao+ AMA1n — qAon)
+ N {A2n — (¢ — DAL+ [g(g — 1)/2] Ao} + (s.0.), (B.9)

where

AO,h = Z Mh(zd, Zd)7

Al,h = Z Z Mh(zd,z‘f)

zd 24.d., .=1

Agyh = Z Z Mh(zd,zii). (BlO)

z4 Zf’dﬂvz:z
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Applying change-of-variables to (B.8), we get

My, (2%, 28 = h_q/ {W (z‘;zf) /m(acc,wd)} F28, 20 £(2°, 2% d2° dz§
= /W(v) [m(xc,xd)}il (¢ + ho, 28 f(2°, 2%) dz° dv
= My(2%, 28) + B2 Mo(24, 28) + KA My(29, 28) + o(h), (B.11)
where

Mo(zd,zf) = /[m(wﬂa:d)]*lf(zc,z‘li)f(zc,zd)dzc,

Ma(2%, 27)

(1/2)/[m(mc,xd)]_IW(U)U/VQf(zc,zf)vf(zc,zd) dz® dv,
My(2%,28) = /[m(xc,:vd)]le(U)vM)Vélf(zc,zf)vf(zc,zd)dzcdv, (B.12)

where

vIVAF(E ) = (1/4) > [Ty (v)+ 9 (2%, 21)

k
k1+ko+tks+ks=4 Hs:l a(zg)k}b
denotes the fourth order Taylor expansion (v, and z$ are the sth compo-

nents of v and z¢, respectively).
Next we consider J,, 2. Define

Qn(24, 2, 29) /Wzl7zCWz e [m(@®, )T F(2S, 28 £(25, 29)d2Sd2S d2C.
(B.13)
We have

Jn,2

—E [K@Y] Kx, x,Kx, x, /mZ(Xl)}
= [ B[Ry Ko, Kox o Kx, x fm(X0)] dy
[ Ko K B ()] £(20) o) d iy
— [y B @)} (20 (22) o da
=SS Lty [ WG WS, 25) m() (1) () dof ds§ s
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2:2 :2: d  d _d
= de7ziide,ZéiQh(Z ,Zl,ZQ)
zd 24 g
1

1_ QqZQ Zd Zd Zd

+A(1 = N2t Z Z Qn(z%, 24, 2 +Z Z Qn(2%, 2%, 29)

d ,d d ,d
2% zf,dz, 2 =1 2% 25,dz 29=1

FA3(1 — )22 Z Z Qn (2, zl, +Z Z Qh(zd 24 zg)

zd fodz,zlf2 zd Zg,dz,22—2

+> > > Queh A ) p + 0

2¢,dz) .=128,d., =1

=(1—2¢\ +q(2g — 1))\?) ZQh 29, 2%, 2%)

FAL = (201N Y Z 2Qn (2%, 2¢, 2%)

# 2dd. =1

DD ACEHEOED Y > Q2 2)

24 z¢.d, ., =2 24 28.d, o =128,d; .,=1

+0(\?)
=(1—2g\ + q(2¢ — DA*) By + M1 — (2¢ = 1)A) B, + A’ B

+0(\®)
=By + A[B1,n — 2¢Bo 1]

+A2[Bay — (2¢ — 1) By p + q(2g — 1) Bo i) + O(A?), (B.14)
where

Boyn = ZQh 2%, 2%, 2%

By = 22 Y Que 2

24 2¢.d., =1

By = QZ Y Que a2

2{,dz, 2 =2

DD DD DN CL ) (B.15)

zd zf,dz721:1 z‘zi,dz,zQ:l

+
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Applying change-of-variables to (B.13), it is easy to see that Qp (2, 2{, 24)
has the following expansion:

Qh('zdv Ztlia 2(21) :QO(Zda Ztliv Zg) + h2Q2(2d7 Zf? Zg)

+h4Q4(zd, zf, zg) + 0(h4), (B.16)

where

QO(Zda Zii’ Zg)

Jimiaat) e e o) o
Qa2(2, 21, 28) = (1/2)/[m(ﬁﬂc7xd)]flw(v)[U/VQf(ZﬁZf)vf(zcazﬂl)
+ (28,200 V2 f(2°, 2] dv d=©,
Qu(2%, 28, 28) = /m_l(mc,xd)W(v)W(u)[v'VQf(a:C,zf)vu'VQf(xc,zg)u

+ f( UV (6, 25)
+ VA (28, 2 £(2°, 29)] du dv dz°, (B.17)

where vV f(2¢, 2¢) is defined below (B.11), and u)V*f(2¢, 2¢) is sim-
ilarly defined.
From (B.11), (B.16), and (B.17), we immediately obtain the following:

QO(ZdVZilyzd) = MO(ZdaZf)a
Q2(2%, 24, 2%) = 2My(24, 2%),
Qu(24, 2%, 2%) > 2My (24, 2%),
dTD 0 Q%) = 2) My (24, 28).  (B.18)
zd 2¢d, . =1 24 z¢d, ., =1
From (B.8) and (B.14), we get
Jna — 203 =Cop+ AC1p + A Csp + O(N?), (B.19)

where Co 5, = Bo,n — 240,1, C1,n = (B1,n —29Bon) — 2(A1n — qAon), and
Con = [Ba,n — (2¢—1)B1n +q(2¢ — 1)Boy) —2{ A2, — (¢ — 1) A1+ q(q —
1)/2]Aon}-
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Using (B.9), (B.14) and (B.17), we have

Co,n = Bon—240n = Z[Qh(z 2% 2%) — 2My (2%, 2%)]

= > [Qo(2%, 2, zd; — 2M(z%, 2%)]

jiﬂ D 1Qa(2, 2%, 2%) — 2My (27, )]

+ht i[Q4(zd, 2% 2%y — 2My (2%, 2] + o(h*)
= — ZZMO(zd, 2N+ 12(0) + b [Qu(2%, 2%) — 2May (2, 2%)] + o(h*)
= Doi Dy h*, : (B.20)

where Dy = — " _4 Qo(2%, 2% and Dy = Y _4[Qa(2¢, 2%) — 2My (24, 2)].
Dy > 0 by (B.17).

By (B.9), (B.14) and (B.17), we have

Crn = 2q(Ao,n — B, h) (Bi,n —24A15)

= QqZ My (2%, 2%) — Qu(2, 2%, 2%)]

n Z d 3 (Qu(et 2 2 — 2M (24, 2]

2{,dzy 2=1

= 20 {041 [Ma(2%,2%) — Qa(2%, 2, 2%)] + O(h")}

+Z Z {O"’_hQ[QQ(Zd’Zl? ) M2(Z Zl)] +O(h4)}

z4 zl ydzy,2=1

—h%(2q) {ZMgz 24 fz Z Mo(2¢, zl)}+0(h4)

d ,d
2% zf,dzy =1

= —h%*Dy + O(hY), (B.21)

where D2 = 2q{zzd M2<2d7 Zd> - sz Zzl Jdap,2=1 MQ('Z Zl)}

Define A, the same way as A;j except that Qp(-) in A;p, is replaced
by Qo(-) (Qo(-) defined in (B.16)). Also define B, the same way as Bjp
except that M, (-) in B, is replaced by My(-) (Mo(-) defined in (B.11))
(j =1,2,3). Then we have

Ajn = Ajo+O(h?),
Bjn = Bjo+O(h?). (B.22)
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Using (B.9), (B.14) and (B.21), we get

Cop = [Bon — 2425+ [2(¢ —1)A1n — (2 — 1) By p)
+ q[(2¢ = 1)Bon — (g — 1) Ao,n/2
= [B2,o —2A20] +[2(¢ — 1)A1,0 — (29 — 1) B1,0]
+ ql(2¢ —1)Bo,o — (g — 1)Ag0/2 4+ O(h*)

= D5+ O(h?), (B.23)

where we define D3 = [Ba g —2A20]+[2(¢—1)A1,0— (2¢—1)B1,0] +q[(2¢ —
1)Bo,o — (g —1)Ao,0/2.

Summarizing (B.19) through (B.22) we have shown that
Jn2—2Jp3 = C()JL +AXCip + >\202,h + O()\S)
= Do+ D1h* — Dah® X+ D3A? + O((h® + \)?).(B.24)

This completes the proof of Lemma 3.

LEMMA 4. OVi = Jo1 + g = 2Ju 3+ Op((h% + X)) + Oy (=12 (A* +
A+ (nh9)=1/2) 4 (s.0.).

Proof: Lemmas 2 and 3 have shown that

E(CVL) =Do + D1h* — Doh? X\ + D3)\?
+Dy(nh?) ™t + O((h* + N)* + (nh9)~H(h* 4+ N)).

It is easy to see that h needs to balance terms of order h* and (nh)~1

Therefore, h? has an order larger than n='/2, or n='/2 = o(h?). Below we

will show that CV; — E(CV1) = O,(n~2(\ + h?)) + O, (nh9/?).
Substituting (17) and (15) into (19),

_ Kx, x,Kx;,x, _ Kz,
Ch=n2.2 0 me2 59 - ?’ZZ{meﬂ

I i#l j# I i#l
Sy B
—1 —2 % 7 194N ]
= N n
2
T (X1)
K
3 Y1Y Kx, xKx; x, _3 Kz, 7
Py Y SRS gy s [Raa]
I Al m l) i m( l)
J#LIF# L i#l

= jn,l + Jn,z — 2Jn,3, (B.25)
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where the definitions of jn,s (s = 1,2,3) should be apparent. JAnJ and
Jpn,3 can be written as second-order U-statistics, and J, 2 as a third order

U-statistic. Below we work on jn’g first. Note that we can write jn’g as
(ignoring the difference between n and (n — 1))

Iz = ﬁ SN Ha(Zi, Zy), (B.26)

where Hy,(Z;, Z;) = (1/2)Kz, z,[m™2(X;) + m~2(X;)]. Letting
0 = E[H,(Z;, Z;)], by the H-decomposition of U-statistics, we know that

Jns = 04 23 [Hun(Z) — )
+ ﬁ S S Ml 260 25) = Mo (Z2) = Mo (2) + 6. (B27)

By the proof of Lemma A.3, we know that 0 = E[H,,(Z;, Z;)] = au A +
agh?+(s.0.) for some constants «;’s (j = 1,2; recall that (s.0.) also includes
terms that are independent of (h,\)). By similar arguments, it is easy to
see that M, 1(Z;) = B\ + Baih® + (s.0.) for some functions Bj.i = Bi(Z;)
( =1,2). Therefore,

n~! Z[Hn,l(zi) — 0] = n2[0,(A + h2)] + (s.0.).

Also, the last term in the H-decomposition is a degenerate U-statistic
and it is easy to show that it has an order of O,((nh%/?)~1). By noting

that Jy, 3 = E[J, 3] = 0, we have shown that
Jng = Jng+ Op(n V(W2 + 1) + Op((nh??)71)) + (s.0.).  (B.28)
By exactly the same arguments, one can show that
Jnz = Jnz+ Op(n7 2R3+ X) + Op((nh??)71) + (s.0.).  (B.29)

For J,1, we know from Lemma 2 that J,,; = E(J,1) = O((nh?)™").
Hence, by H-decomposition, it is easy to show that

Jna = B(Jn1) +n720((nh?) ™)) = Jyq + Op(n™?(nh?)71). (B.30)
(B.28) through (B.30) therefore give us the result

CV1 = jn,l + jn’z — 2jn73
= Jn,l + Jn,2 - 2Jn,3

+ 0, ((h2 FP V22 40+ (nhq/Q)*l) . (B31)
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